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Abstract. The generalized dynamical problem of thermoelasticity for the hollow sphere has
been considered. It is supposed that the propagation of the temperature is symmetric with respect to
the center of the sphere. The temperature and stresses are equal to zero at initial time. Radial
displacements and the heat flow are given at surfaces of the sphere. Due to complexity of the
statement of such boundary-value problems the most of the published solutions have been obtained
as a result of using approximate methods to expand these solutions in the form of series for small
and large times. In this work the closed exact solution of the given problem has been received. In
introducing thermoelastic potentials which are connected with the temperature and the displacement
(quasistatic and dynamical potentials) the problem is reduced to the solution of the system of two
differential equations of the second and the third order in partial derivatives with respect to the time
and the space coordinate. To improve the convergence of series at the boundary of the sphere
potentials are represented as the sum of two functions. One of these functions is the solution of the
system of equations with homogeneous conditions and the other is with nonhomogeneous
conditions. Applying the finite integral transform on the space coordinate we come to the system of
ordinary differential equations with respect to time potentials. The eigenfunctions of the
corresponding Sturm — Liouvill problem are the kernels of the finite integral transforms. The
asymptotic formula for eigenvalues depending on the parameter which tends to infinity is obtained.
Laplace transform is used to get the solution of derived equations. It is analyzed the special case
when the harmonic displacement at the surface is given and the heat flow equals zero. It was shown
if the coupling constant tends to zero, then the temperature diminishes to zero. In this case the
temperature disturbances can be large is the coupling constant is however small and the wave
number is close to the eigenvalue of the corresponding Sturm — Liouvill problem (resonance
conditions).

Keywords: coupling constant, dynamical, displacement, eigenvalue, potential, stress,
thermoelasticity, transform.

Introduction. In the modern technology one has encountered extremely high heating rates
and it is necessary to examine the role of inertia. In the uncoupled problem velocities are readily
associated with a strain wave front travelling at the material acoustic velocity. In the coupled
theory, no such simple distinction of the wave speeds is possible. Thus, the solution of such
problems is important and represents considerable problems. This is the reason that only
approximate methods have been used to solve such problems. In this paper the closed exact solution
of the generalized dynamical problem of thermoelasticity for the hollow sphere has been
constructed.

The generalized dynamical theory has been formulated by Lord H.W. and Shulman Y. [1] by
including the time needed for acceleration of the heat flow in the heat conduction equation. The
generalized dynamical theory of thermoelasticity takes into account the coupling effect between the
temperature and the strain rate. The dynamic problem of thermoelasticity in the uncoupled theory in
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a hollow elastic sphere was considered by Tsui T., and Kraus H. [2]. After passing to appropriate
limits, the results were compared to the results of the previous analyses of slender and massive
spherical regions. Norwood F.R. and Warren W.E. [3] analyzed the wave propagation in the
generalized dynamical theory of thermoelasticity. Wave front and longtime approximations have
been obtained. A dynamical problem for a spherical cavity in an infinite medium in the generalized
theory of thermoelasticity has been considered by Wadhawan M.C. [4]. An approximate solution
has been obtained by perturbation expansion. In paper [5] the generalized dynamical problem of
thermoelasticity for an isotropic infinite cylinder has been solved by approximate techniques.
Hetnarski R.B. and Ignaczar I. [6] have considered the response of semi-space to a short laser pulse
in the case of the generalized thermoelasticity. The exact closed solution of the generalized
dynamical problem of thermoelasticity for the hollow cylinder has been received in paper [7].
Purpose and tasks. Our aim is to find the closed exact solution of the generalized dynamical
problem of thermoelasticity for the hollow sphere when the radial displacements and the heat flow
are given at the surfaces of the sphere. Using the finite integral transforms on the coordinate and
Laplace transform on time the solution of this problem has been represented in the form of series.
Methods of research. Due to complexity of the initial value problems of a hyperbolic
termoelasticity most of the solutions to these problems so far have been obtained in one-
dimensional case and by using approximate methods, such as small-time and large-time expansion
methods, ray series expansions method, or finite element procedure. All these approximate
solutions suffer from a number of limitation imposed on the range of independent variables and
parameters involved at which they are acceptable both mathematically and physically. Introducing

the thermoelastic potentials by formulas: ®(r,t)= rT(r,t),u(r,t)zg(@j,the given problem

is reduced to the system of partial differential equations. To get the closed exact solutions of these
equations the following method which consists in applying finite transforms on the space coordinate
is proposed. The kernels of this finite integral transform are the functions:
Wn(r)= A,cosy,r+Bnsiny,r. ~ The  eigenvalues  y,  satisfy the  equation:

R, —R . . e .. .
tgy,(R, =Ry )= (2—1)7/”2.Smce the eigenvalues y,, tend to infinity as n — oo it is possible to

1+ R2 — Rl]/n

use asymptotic methods to get such values of y,, »2 = n?+0(n). The boundary

Ry —Ry
conditions to find A, and B are given accordingly the boundary conditions for temperature T(r,t)

and the displacement u(r,t), that is g(%):o if r=R;(i=12) On applying the Laplace

transform to the system of the equations with respect to time and solving this system and
performing the inverse Laplace transforms we get the solution of this system in the form of series
on the eigenfunctions of the corresponding Sturm- Liouvill problem.

Basic Results. Let us consider the hollow isotropic sphere with interior radius R; and
exterior radius R,. We suppose that the propagation of the temperature is symmetric with respect to
the center of the sphere. Then we have the equation for the definition of the temperature field [8]:

10T
AT ————-néu =0, 1
2 ot Nékk 1)
2
where A:a—+gg, Exk :8—u+gu; g 1s a solid volume deformation, ag is the
or: ror o r

2G(1+v)
1-2v)ir
Poisson’s ratio, ar is the thermal diffusivity, At is the coefficient of thermal conductivity, G is the

coefficient of linear thermal expansion, 7= at Ty is the coupling constant, v is
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modulus of elasticity.
The equation of motion can be written in the form [8]:

2,
Au—z—u—ia :ma—T, (2

+ 2 . .
VaT C = _6 is the velocity of

where u(r,t) is the displacement, m= :
1-v 1-2v)p

longitudinal vaves, p is the density.
Equations (1) and (2) are subjected to the following initial and boundary conditions:

T(r,t) =u(r, t)— p U_o ift=0, aa—T_g t), u(r,t)=h; () if r=R;(j=12), 3
Introducing the thermoelastic potentials by formulas:
o(r,t) = rT(r, ), u(r,t) = - (T(r t)] @)
or r
and substituting them into equations (1) — (3) we get:
2 3 2 2
e e ko e LT
orc ap ot gtor orc ¢ ot
oY . o (D o(Y . :
o(r,t) =v(r,t)=—=01ift=0;, —| — |=g;t), —| — |[=h;@®)iIfr=R; (j=21,2) (6
(r,t) =¥(r.,t) p ar(r] g;(t) ar(r] i® i (] ) (6)

In this case we can get the closed exact solution of problem (5) — (6) in the form of series on
some eigenfunctions. The solution of problem (5), (6) can be thought as follows:

O(r,t) = D*(r,t)+ o(r,t), P(r,t) = ¥ *(r,t)+ w(r,t) )
. 1(go() g:(t)
where: gp(r,t)zA(t)rZ+B(t),l//(r,t)=C(t)r2+D(t),A(t)=K[ F2€12 - ég J

B() = (020~ (1)), € = 1(“ , —hl—(zt)} pO=1(h0O-mo)  ®

Al R} R
1 2
A=——|R5 -R{).
R2R2 ( ki)
The substitution of (7) into (5), (6) yields:
o’d” 1 0% %Y o%w" 1 9%y” x
-n = f,(r,1), - =md + f,(r,t) 9
or2 ar a2 ar2 7 arr 2 ot ?
O (1,0) =—g(r.0) W' (r,0) = —w(r,0), X (O w0,
ot ot
o1 |_ oY =0 if r=R;, where (11)
or\ r or\ r
2
f,(r,t)=2nC'(t)+ iaﬁ—zA(t), f,(r,t) = me(r, t)+—a——2C(t)
ar ot c2 ot?

We solve problem (9) — (11) by using the finite integral transform [9]. To do this we find the
solution of the following Sturm — Lioville problem:

d2w
dr?

G(Wj 0if r=R;(j= 12)

+72W =0, (12)

or
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We obtain W, (r) = A, cosy,r + B, siny,r,

Aﬂ — R17n —tg}/an B
1+ RyyntgynRy
The coefficient B, is defined from the condition:

where:

R,
[WZ(rydr =1.
Ry
The eigenvalues y, satisfy the equation:
R, —R
tg70(R, — Ry) = 2= R, (19
1+ RiRyyp,
Since the eigenvalues y,, tend to infinity as n — oo it is possible to use asymptotic methods.
In this case we have:

2 4 2

= n‘ +0(n). 14
7n RZ _ R1 (n) ( )

The finite transforms and the inversion formulas are:

* R2 * * R2 *

Dy (1) = [ @ (r,tW, (r)dr, Wa(t) = [ ¥ (r,tW, (r)dr, (15)

Ry Ry
O (r,t) = S D, (OW, (r)dr, ¥ (r,t) = 3 ¥, ()W, (r). (16)

n=1 n=1

Applying the transforms (15) to the boundary conditions (11) we arrive at the following
system of ordinary differential equations with respect to d); (t) and ‘P; (t).
1 do,  ,d¥,
ap dt 7"t
1.d%y,
¢ dt?
With the initial conditions:
. . d¥,(0) dw,(0
@30 =00 0), ¥; (0) =y (@), T2 - V2D
On employing the Laplace transform [9] to the system of the equations (17) and the initial
conditions (18) and solving them we get:

* 2 ¢ 2.2
@, () = kZ:OAkn Fan (D) + _[ fin (T)(aT Fon (t - T)"' arC 7n Fon(t - T))j'[ +
= 0

+yED, = f1n (1), (17)

+ 729+ md), = fo (1),

(18)

t . 2 t
+ 1876775 [ Fon ()F 1 (t = 7)d 7, ¥ (t) = By Fin (1) + £ [ o (2)Fp (t—2)dz +  (19)
0 k=0 0

+ 2y G272 Fone) — Ml (0) Font - ),

0
e—ant e—bnt )
where:  Fy,(t) = + sin(c,t+ ¢1p),
In 2n
—ant byt
ae " e " : .
Fin(t) ===+ 25— (@ sin(Ct + 020) = by SIn(Cat + 10),
In 2n
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—ant —b,t
n _pne n (

A1n 2n

2
A = Cr%(bn —ay )Z’AZn = Cﬁ(ancn —bne, )2’ Aon = aTclz{W’r‘]l‘//n(o)_ Z_n(”n (O)]'
T
2 dy, (O)

Ay = —1jag Vr?lr’/n (0)1 Aon =ar UV%Wn (0)—(P(0)— arnyn dt

dy,(0
Bon = _m012(0n (0)_ ar 75‘//n (0)(1+ mﬂclz) Bin =-ar 7/% l//drl[( ) *¥n (O)’

dy,(0 c a,—b
BZn:_#’pn:\/AZn’tg(Dln:b _na A9@on = nC o,

n n n
Py =—ay, P23 =-by, tic,(a, > 0,b, >0) are the roots of the equation:

2
a,e
I:2n (t) =1

(2 —b?2)sin(c,t + @1 ) + 2b,C,y SNt + o)),

p°+aryap” + iy (L-armn)p+arciyy =0. (20)
Finally, the solution of the problem (1) — (3) can be written in the form:

Te0)- ot Soimn () o= 2“0 Sl wie)

Next, we consider the special case, when the harmonic displacement is given at the surface of
the sphere and the heat flow equals zero, that is:
oT Ziwt
EZO, U:Ujel |fr:Rj(1:l,2).
In this case we have:

ar
where:
4(u u 1 Ry u u, %
b= =212 I =——|2(Ru; —Rqu, ) [ r’w rdr+[—2——1j w. (r)dr |,
e RAIL Cl%[m O e I

2 .
2 W 2 IW 2
Zn:(yn_ 2](7%_ ]—mWn-
Cl a-T

It is clear from (22) that T, (t)=0 if coupling constant =0, and T, (t)=0,but the

. . . w
temperature disturbances can be large if the value 7 = 0 is however small and the wave number —
C1

is close to y,,. Indeed, let Cﬂ =y, (resonance condition), then we get from the formula (22):
1
To (t)=1p0e ™™ (24)
And the amplitude of these vibrations (not depending on 77) can reach however large values.
Conclusions. Thus the closed exact solution of the generalized dynamical problem of
termoelasticity for the hollow sphere has been constructed. The convergence of the series at the
boundary of the sphere has been improved. The special case when the harmonic displacements are
given at the surface of the sphere has been considered. It has been shown that the temperature
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. . . . W .
disturbance can be large if the coupling value 7 = 0is however small and the wave number — is
Cl

closed to the eigenvalue y,.
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B3AEMOINIOB’SI3AHA TUHAMIYHA 3ATAYA TEPMOIIPYKHOCTI
JJIs TOJIOI COEPU

I'aBa3uncekuii B.H., x.¢.-M.H., npodecop,

Ooecvka depoicasrna akademis 6YOiGHUYMBA MA APXIMeKmypu
gavdzinskivn@gmail.com, ORCID: 0000-0002-3152-4662
Maasnena €.B.,

OoecvbKuil HAYIOHATLHUL eKOHOMIYHULL YHIBepCUmem
mmd@oneu.edu.ua, ORCID: 0000-0002-8769-023X

AHoTanis. Po3risgaeTbcs B3a€MOIOB’s3aHa IMHAMIUHA 3a]ja4a TEPMOIPYKHOCTI JUIsl TIOJIO1
cdepu. IlepenOayaerbes, 110 NOMIMPEHHS TEMIEPATypH Bi1IOYBA€TbCSd CUMETPUYHO IOJIO0 LEHTPY
cepu. B mouyarkoBuii MOMEHT yacy TemmepaTypa 1 Hampyra piBHI Hymo. Ha moBepxHsax chepu
3a/1aHl pajliajgbHI MEPEMIIIEHHS Ta TETUIOBUN MOTIK. 3BaKar0UM Ha CKJIATHICTh MOCTAHOBKH TaKUX
KpailloBUX 3aaay, OUIBIIICTh OMYOJIKOBaHMX pillleHb OTPUMAHO B pe3yJbTaTi BUKOPUCTAHHS
HaOJIMKEHUX METOJIIB MPEICTaBIEHHS LUX PILIEHb y BUTJISAL PAIIB JUISl MAJIUX 1 BETMKUX 3HaYEeHb
yacy. Y pnaHii poOOTI NPUBOAWUTHCA TOYHE pIlIEHHS NOCTaBiIeHOi 3anayi. Bmposamxyroun
TEPMOIPYKHI TOTEHIlialk, MOB'I3aHI 3 TEMIEPaTypol0 Ta MEpeMIlIeHHsAM (KBa3iCTaTMYHUM Ta
TUHAMIYHUWA ~ TIOTEHIIadu), 3aBIaHHS 3BOJUTHCA JIO PO3B’SI3YBaHHS  CHUCTEMH  JBOX
muQepeHIiaTbHUX PIBHSAHB JIPYTOTO Ta TPETHOTO MOPSAIKIB Y YACTUHHHUX MOXITHUX BiJHOCHO 4acy
Ta MPOCTOPOBUX KoopauHaT. s mosimmieHHs 301KHOCTI psAAIB Ha MeXl cepu MOTeHIIanu
NpPEJCTaBICHI y BUIJSAI CyMH JOBOX (PYHKIIHM, OJlHA 3 SKUX € PO3B’S3KOM CHUCTEMM PIBHSAHB 3
OJTHOPITHUMH TPAaHMYHMMU YMOBaMH, a IHIIA 3 HeoAHopiaHuMH. I[Ipuiimaroun CcKiHUEHHE
IHTerpajbHE MEPETBOPEHHS 32 MPOCTOPOBOIO KOOPIMHATOIO, MPUXOJUMO JI0 CUCTEMH 3BUYAMHUX
nudepeHIliaTbHUX PIBHSAHD BIAHOCHO TMOTEHIIATIB 32 YacoM. SnpaMu CKIHYECHHUX 1HTETpaIbHUX
NepeTBOPEHb € BiacHi QpyHKUIi BianosiaHoi 3anaui [ltypma-JliyBimis. OTpuMano acHMOTOTHYHY
dbopmyiy 1Sl HaOJIMKESHHS BIIACHUX 3HAYEHb, KOJIM MMapaMeTp, Bijl SKOTO BOHH 3aJIeXKATh, TIPIMYE
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70 HECKIHYeHHOCTi. /I po3B’si3aHHS OTPUMAHUX PIBHSHb BUKOPHCTOBYETHCS TEPETBOPECHHS
Jlamnaca. PosrnsgaeTbcsi YaCTUHHUN BUMNAIOK, KOJM Ha TOBEPXHI chEepH 3alaHO OCIUIIOIYE
MEepPEeMIIeHHs, a TETUIOBUH MOTIK JOpiBHIOE Hym0. [loka3aHo, mo SKII0 Koe(dilieHT 3B’SI3HOCTI
MPSMYE JI0 HYJIsI, TO TeMIIepaTypa 3MEHIIYEThCs 10 Hy 1. OJIHAK, KOJTMBAHHS TEMIICPATypH MOXKYTh
OyTH BEITMKHMH, HABITh MPH SK 3aBrOJHO MAJIUX 3HAUEHHSX Koe(illieHTa 3B’SI3HOCTI, SKIO TUTBKU
XBUJILOBE YHCJIO OJIM3BKO JIO BJIACHOTO 3HAa4YeHHs BianoBimHoi 3amayi lltypma-JliyBumis (ymoBa
pE30HaHCY).

KirouoBi cjioBa: auHamMiyHUM, Hampyra, IEpeMIIICHHs, IOTEHIIan, CTaja 3B'SI3HOCTI,
MIEPETBOPEHHSI, BIACHE 3HAYCHHS, TEPMOTIPYKHICTb.
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AnHoTanusi. PaccmarpuBaeTcsi B3aMMOCBSI3aHHAsi JUHAMHYECKas 3ajladya TEPMOYIPYTOCTH
mis  monoit  cdepol. lpeamonaraercsi, dYTO pacHpoOCTpaHEHHE TEMIEPATYypbl MPOUCXOAUT
CUMMETPUYHO OTHOCHUTEIIBHO IIeHTpa chepbl. B HayalbHBIE MOMEHT BpEMEHH TemIieparypa
HampspKeHUWe paBHBI HYJIIO. Ha moBepxHoOCTSX cdepbl 3alaHbl paauanbHble MEepeMeleHUs u
TEIJIOBOM TMOTOK. BBHAY CII0)XHOCTM TIOCTAHOBKM TaKHMX KpaeBbIX 3a7ad OOJBIIMHCTBO
ONMyOJMKOBAaHHBIX PEIICHUN MOJIyYeHO B Pe3ylbTaTe HCIOJIb30BAaHUS MPUOIMKEHHBIX METOJI0B
MIPEACTABJICHUS ITUX PEHICHUI B BUJIE PSAIOB JJI MaJbIX M OONBIIMX 3HAYCHUM BpeMeHH. B nanHoit
paboTe MpUBOAUTCA TOUHOE PEIlIeHUE JaHHOH 3a1auu. BBeas TepMOyIpyrue nNoTeHIUabl, KOTOpbIe
CBSI3aHBI C TEMIIEPATYPOU W MepeMelleHneM (KBa3UCTaTUYECKUM U TUHAMHYECKUH MMOTEHIIUAIIBI),
3a/laya CBOJIUTCS K PEIICHHIO CUCTEMBI ABYX MU (depeHIINAIbHBIX YPaBHEHUI BTOPOTO M TPETHETO
MOPSIIKA B YACTHBIX MPOU3BOHBIX OTHOCUTEILHO BPEMEHU U MTPOCTPAHCTBEHHOW KOOPAMHATHI. J[Jis
yIAYUIIEHUs] CXOAMMOCTH PSAIOB Ha rpaHuile cepbl MOTEHIMANBI MPEACTABICHBI B BHIIE CyMMBbI
NBYX (DYHKIUH, OJIHA W3 KOTOPBIX SIBJISETCS PEHICHUEM CHUCTEMbl YpaBHEHUN C OJHOPOIHBIMHU
IPAaHUYHBIMU YCJIOBHUSIMH, a JApyras ¢ HEOJHOPOJIHBIMHU. [IpUMeHssi KOHEYHOE HHTETrpaibHOE
npeoOpa3oBaHWe IO TMPOCTPAHCTBEHHOM KOOpAWHATE, MPUXOAUM K CHCTEME OOBIKHOBEHHBIX
nuddepeHIaTbHBIX YPaBHEHH OTHOCHUTENBHO TMOTEHIMATIOB MO BpEeMEHHU. SlapamMu KOHEUYHBIX
MHTETPAIbHBIX TIPeo0pa3oBaHUN SBISIIOTCA COOCTBEHHBIE (YHKIIMM COOTBETCTBYIOIICH 3a7adu
Mrypma-JInyBumns. [lomydena acummnToTudeckas Qopmyna Uisi HAXOXKACHHUS COOCTBEHHBIX
3HAYEHMM, KOTJ]a TapaMeTp, OT KOTOPOTO OHU 3aBUCAT CTPEMHUTHCS K 0ECKOHEUHOCTH. J{J1s pemenust
MOJIYUYEHHBIX YpaBHEHHH MpHUMeHsieTcs npeodpazoBanue Jlammaca. PaccMoTpeH dacTHBIN ciydaid,
KOTJla Ha TTOBEPXHOCTH TOJION c(ephl 3a1aH0 OCHIIITUPYIOIIEe MepeMelieHre, a TeII0BOM MOTOK
paBeH Hymo. [Tokazano, 4to eciu Kod(PUIIMEHT CBA3aHHOCTH CTPEMUTCS K HYIIO, TO TeMIepaTypa
YMEHBIUTCA A0 HyNs. OaHaKo KOJaeOaHus TeMIepaTypbl MOTYT OBITh OOJBITUMU JTaKe TIPH CKOJIb
YrOJHO MaJjblX 3HAUYEHUSX KOIPUIMEHTAa CBS3HOCTH, €CIM TOJBKO BOJHOBOE YUCIO OITH3KO K
COOCTBEHHOMY 3HAUEHHIO cOOTBeTCTBYIOIIeH 3anaun 1lITypma-JInyBuiis (ycioBue pe3oHaHca).

KuroueBble cj10Ba: AMHAMUYECKUN, HANpSOKEHUE, MEpeMelIeHue, MOTEHIMal, MOCTOSHHAs
CBSI3HOCTH, MPe0Opa3oBaHue, COOCTBEHHOE 3HAUYCHUE, TEPMOYIIPYTOCTh.
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