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Abstract. Generally, students of architecture use rather simple geometric elements: planes,
prisms, cylinders, etc to represent their architectural decisions with paper and card models. Howev-
er, nowadays modern architects are trying to diversify the architectural environment with more
complex surfaces. So, the students of architecture also try to complicate their paper models with
curvilinear forms. To facilitate students' architectural modeling and to render more precise building
of paper-made curvilinear surfaces, the method of constructing development of elevation view sur-
faces using integral calculation has been proposed. These developments are constructed similar to
the sphere development, i.e. every given surface is divided into 12 identical segments. The task is to
find the full length of the main meridian and the arcs of parallels which make part of the constructed
segment. The main meridian length is defined by the integral arc length formula.
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AHoTanis. [l BUpa3y CBOIX apXiTEKTypHHMX pIlIeHb B MOJENSX 3 Mamepy Ta KapTOHy CTY-
JICHTH BUKOPUCTOBYIOTh JOCTATHBO MPOCTI FTEOMETPHUUHI €1€MEHTH — IUIOLUHY, IPU3MHU, IIMIIIHIPH,
ToIIO0. AJle Ha IaHUI Yac Cy4acHi apXiTeKTOPU HaMararoThCsl pI3HOMAHITUTH apXiTEKTypHE cepe/o-
BHUIIE OUIBII CKIIQAHUMHU MOBEPXHAMU. BiAMOBITHO /10 IIbOTO, CTYAEHTU apXITEKTYPHOIO 1HCTUTYTY
TaKO’X HAMAararoTbCsl YCKJIaJHIOBATH CBOI ManepoBi MoJeli KpUBOMiHIKHUMH dopmamu. {71t mose-
TIIEHHS CTYJIEHTChKOI poOOTH B apXITEKTYpHOMY MAaKETYBaHHI 1 OUIbII TOYHOTO KOHCTPYIOBaHHS
MarnepoBUX KPUBOJIIHIHUX MOBEPXOHb pO3pO0IEHO METO]] MOOYI0BH PO3TOPTOK MOBEPXOHb 00€p-
TaHHS 3 BUKOPUCTAHHSM IHTETPAJIbHOTO YMCIEHHs. PO3ropTku moBepxoHb 00epTaHHs MOOYJO0BaHi
3a aHAJIOTIEI0 PO3TOPTKHU cdepHu, TOOTO KOKHA 3a7aHa MOBEPXHs po30MBaeThesA Ha 12 0HAKOBUX
CEerMeHTIB. 3aj1a4a 3BOJUTHLCS JI0 BIIITYKAHHS TIOBHOI JIOBKUH TOJIOBHOTO MEPHIIaHy 1 IyT mapase-
JIel, sKi BXOJSTh J10 TOOYZ0BAaHOTO CErMEHTY. JJOBKHUHY rOJIOBHOTO MepuiaHy BU3HAYAIOTh 3a 1H-
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AHHoTanus. /{71 BbIpa)XeHUsI CBOMX apXUTEKTYpPHBIX PELICHUH B MOJEIsIX 3 OyMaru u Kap-
TOHA CTYACHTBI UCIOJIB3YIOT JOCTATOYHO IIPOCTHIE TEOMETPUUECKHUE MIEMEHThI — INIOCKOCTH, MTPU3-
MbI ¥ IUIMHAPBL. OJIHAKO, B HACTOALIEE BPEMsI COBPEMEHHBIE aPXUTEKTOPbI CTApAIOTCs pa3HOo00pa-
3UTh APXUTEKTYPHYIO cpelly 0ojiee CI0KHBIMU MOBEPXHOCTAMU. COOTBETCTBEHHO 3TOMY, CTYIEHTbI
aApPXUTEKTYPHOTO MHCTUTYTA TAKXKE CTApalOTCs YCIOXKHITh CBOM OyMa)KHbIE MOJENIN KPHUBOJIMHEH-
HbIMU (popmamu. {1t oGsierueHust CTyAeH4ecKoi paboThl B apXUTEKTYPHOM MaKeTHUPOBAaHUU U 00-
Jilee TOYHOTO KOHCTPYMPOBAHHSI KPUBOJIMHEHHBIX MOBEPXHOCTEW pa3paboTaH METOJ MOCTPOECHUS
pa3BEpPTOK IOBEPXHOCTEH BpAILlEHUS C HUCIIOJIB30BAHMEM HHTETPAILHOTO MCUHCICHMs. Pa3BepTku
MOBEPXHOCTEH BPALICHUS TOCTPOSHBI aHAJIOTHYHO pa3BepTKe Cephl, TO €CTh Kaxaas 3aaHHas 1o-
BEPXHOCTh pa3buBaercst Ha 12 OAMHAKOBBIX CETMEHTOB. 3a/laya CBOAMTCA K OTBHICKAHHMIO MOJHOMN
JUIMHBI TJIABHOTO MEPUJIMAHA U AYT Mapajulesied, KOTOpble IPUHALIEKAT IOCTPOCHHOMY CErMEHTY
JUTMHY T1aBHOTO MEpHIMaHa ONPEAEISAIOT P MOMOIIU UHTErpalbHOM (HOpMYJIbl ATTUHBI yTH.

KiroueBbie cjioBa: ycioBHas pa3BepTka, napadoia, rurnepoosia, LernHas JIMHUS, TPAKTPHUCa,
KaTeHou I, rcesaocdepa.

Introduction. The descriptive geometry and drawing course includes «Developments of sur-
faces». At the practical lessons the tasks with developments of pyramids, prisms, rotating cone and
rotating cylinder are necessarily performed. And Architectural Faculty students also solve tasks of
sphere developments and rotational surfaces, using the method of cylinders or cones that circle or
are circles inside or outside the given surfaces.

Analysis of recent research and publications. Such developments are called conditional or
approximate developments [1, 2], since the curves are replaced by straight lines. Of course, all the
drawings are done on the paper with pencil and drawing tools.

Purpose and tasks. To increase the developments’ graphic accuracy, we propose to use dif-
ferential calculations to define the lengths of arcs, replaced by segments in the drawing. We will
construct the developments of rotational surfaces similar to the sphere development [2, 3], that di-
vides every given surface into 12 identical segments. The task will be reduced to find the full
lengths of the main meridian and the arcs of the parallels which make part of the constructed seg-
ment.

Presenting main material. From the integral calculations studies, it is known that the arc
length of the curve given conventionally as y = f(x) is calculated with the formula [4]:

L:_T 1+ (f/(x))%dx. (1)
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Since we have 12 segments, the arc length for a parallel having radius R is determined with

% formula. To simplify the drawing construction, we’ll calculate only half-length of the arc in

27R,
24 @)
The surface developments construction stages are the following:
1. Partition of the y = f (X) curve representing the surface main meridian into several parts.
2. Calculating these arcs lengths L, with the formula (1).
3. Calculating the surface parallels radii R, and the arcs lengths a, with the formula (2).
4. Drawings with AutoCAD graphic editor a half or a part of the involute segment.
5. Building, with the use of graphic editor commands «Mirror» and «Copy», a full involute of
the given surface.
Considered surfaces are the following: rotational paraboloid, hyperboloid of one sheet, hyper-
boloid of two sheets, catenoid and pseudosphere. To render easer computation for the main meridi-

ans curves, we take the simplest functions: y = x*, y = % , Y= %(eX +e7).

the segment: a, =

Building a development of a rotational paraboloid. For example, we give a rotational pa-
raboloid which generatrix equation is y = x*. The equation of the surface becomes: x> +y*=z.

Now we consider the curve y = x*on the plane xOy, divided into several arcs (Fig. 1). We
have segments of integration: x € [0, 0.5], [0.5, 1], [1, 1.5], [1.5, 2].

y R,

R,

R
N
Y x
0051 1,52
Fig. 1. Generatrix of a paraboloid on the xOy axes

With the formula (1) we work out an integral for calculating the parabola arc length:
b b b
L= J.1/1+ (f'(x))%dx = .[1/1+ (x*)")?dx = J.\/1+ 4x*dx.

This integral calculation is rather cumbersome (by-parts integration to be applied) [4], there-
fore, we write only the end result:

b
L= j\/1+ Ax2dx = [% X1+ 4x2 +%In‘2x+ V1+4x2
j\ 05 =0.57; L, =0.91; Ly = 1.35; Ly = 1.82.

b
a-

Now we substitute the integration boundary into the final formula:
0.5

L, = [V1+4x*dx= @ X1+ 4x2 +%In‘2x +1+4x2
0

The parallels radii: R; = 0.5, R, =1, R3 = 1.5, R4 = 2. According to the formula (2), the lengths
of segment parallels arcs are equal to:
27R, 27-0.5
a1 p—t =
24 24

=0.13; a, =026, a,=039; a,=0.52.
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On Fig. 2, a half of the segment surface is given with a 10-folds increase of all the sizes and
we got full development of paraboloid.
52

N
0

3.9

35

1

2.6

o
57 9.1

Fig. 2. Development of a rotational paraboloid

Building a development of a hyperboloid of one sheet. For example, we have a given hy-
perboloid of one sheet with the main meridian, which equation isy = 1 , and the axis of rotation is
X

X2 y2 Z2
straight y = —x . The surface equation appears as: > +———=1.

2 2

Now we explore the curve y = 1 on the xOy plane (Fig. 3). Since the curvey = 1 is symmet-
X X

ric with respect to the line y = x, then we consider only the segment x € [0.4, 1], divided into sever-
al smaller ones: [0.4, 0.5], [0.5, 0.6], [0.6, 0.8], and [0.8, 1].

Fig. 3. Hyperboloid generatrix in the axes xOy

With the formula (1) we compile an integral for calculating the hyperbola arc length:

L=T,/1+(f (%)% dx =f /1+((§)/)2dx =f /1+%dx=i V1X+2X4 dx.

The integral as given above can not be resolved. But since we have the integration limits [0.4, 1],

4
then we use the formula, allowing the integrated function

>— development into Maclauren se-
X

2 _Lye +ix1°—ixl“+..., atx e [-1, 1].
8 16 128

To integrate, we take only the first two products, as the following ones give very small values
in the calculation and can be neglected. Finally, we have:

b /| 4 b 3
L:I 1+2X dx:J'(X—12+%x2jdx:(—l+1 X—J -

X x 2 3
Introducing the integration limits to the latest formula we get:
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1+ x* 1 1 %% )gs 1 05 1 04°
Ll = I = ——4+—- ‘ = =+ + —— =
i X X 2 05 6 04 6
L,=0.35; L3 =0.47; Ly = 0.33.
To estimate the parallel radius R; = AB, we have to define B, point of AB straight crossing to
y =—x (Fig. 2). Compiling the equation for AB:
y—-25=x-04 = y=x+21.

0.5;

We make a system:
{y =x+2.1
= B(-1.05,1.05).
y=-X
R, =/(X, —X5)% + (Y5 — Y5)? =+/(0.4+1.05)% + (2.5—1.05) = 2.05.
Similarly, we find: R, = 1.77, R3 = 1.6, R, = 1.45.
Lengths of the segment arcs:
a - 22R,  27-2.05
Y24 24

The surface neck radius; R = V2 =141, a=

=054, a,=046; a,=042, a,=0.38.

2R 27141

24 24
On Fig. 4, a quarter of the surface segment was given with a 10-folds increase of all received
values and a complete development of a hyperboloid.

=0.37.

S AT AT AT AT AT AP AT AT AT AT
¥ ey vy v v vy e
4.6
4.2 :
38 jﬂ WA A r AT AT AT AT AT AT
o s LIV VI VIV I VI VIV VIV VTV
Fig. 4. Development of a hyperboloid of one sheet
Building a development of a hyperboloid of two sheets. The studied hyperbola y=1
X
when rotated around its real axis, will produce a two-cavity rotational hyperboloid according to the
2 2 2
equation: X Y g,
2 2 2

Since the hyperbola arcs lengths are already found, we’ll estimate the parallels radii and the
arcs lengths. The largest parallel radius is Ry = AC, and for its value determining it is necessary to
find C, the AC straight to y = x straight intersection point (Fig. 3). We formulate the equation of
AC straight line: y—25=—(x-04) = y=x+209.

Making the system:

y=x+2.9
s
R, =+/(Xy = Xc)2 +(Ya — Yo )? =4/(0.4-1.45) + (2.5-1.45)% = 1,49,
Similarly, we determine: R, = 1.06, R3 = 0.75, R4 = 0.32.
Lengths of the segment arcs: a,=0.39; a,=0.28; a;=0.2; a,=0.08.

On Fig. 5, half of the surface segment is given, with a 10-folds increase of all received sizes
10 times and a complete development of hyperboloid of two sheets.

—  C(1.45,1.45).

20
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33 47 35
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Fig. 5. Development of a hyperboloid of two sheets

Building a development of a catenoid. In the descriptive geometry course, the catenoid as a
surface is not considered. As part of the learning process, it is represented as an arbitrary surface of
rotation, but students do not build complex drawings of this surface. But in the advanced mathemat-
iCs course attention is paid to this surface: students determine the generatrix length, volume, mean
and Gaussian curvature, the first and second quadratic forms.

X X

This surface is formed by rotating the chain y:%(ea +e_a]around the Ox axis. The cate-

noid belongs to the minimal surfaces (the principal curvatures sum is zero at all points). Such sur-
face classic image is represented with the soap solution surface, tensioned on two wire circles.
To construct the development of catenoid, we use the main meridian curve equation:

X =X
y= € +2e . The equation of the surface itself (Figure 6) has the following form:
e’ +e™
X = cosV
X = chucosv
u X
y = sinv or <y=chusinv.
z=u z=u

To integrate the curve, we take the segment x € [0, 1.5] and break it into segments:
x e [1,0.5],[0.5, 1.0], [1.0, 1.5] (Fig. 7).

0 0.5 1 1.5 X
Fig. 6. Catenoid Fig. 7. Catenoid generatrix in the xOy axes

Now we construct an integral for calculating the chain line arc by the formula (1):

b b X -\ 2 b 2X -2X
_ T(yNV2 dx = e +e _ e” 1 e _
L—_!. L+ (f'(0)dx = | 1+(( ; U dx = j\/1+ ot

a a
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= wai(eue‘x)zdx:%:f(ex +e7)dx = %(ex—ex):.

And substitute the integration limits into the last formula:

1% 1 051 1
== [(e*+e™)dx= Z(e*—e™)| = =|Je-—=|=052; L,=0.65 L3=0.95.
lel( Jox= 2 (e"—e ™), 2[ \/Ej 2 g
The parallels radii represent the function values at marked points:
0 0
Ry = y(0) =" ;e ~1.0; R,=y(0.5)=1.13; Rs=y(1.0)=154; R,=y(L5)=2.35.

With the formula (2) we find a,: a,=0.26; a,=0.3; a;=0.4; a,=0.61.
On Fig. 8, a 10-folds increased quarter of the segment surface is given with a complete devel-
opment of catenoid.

9.5

6.5

52

A VTVIVIVIVIVIVIVIVIVIVT

Fig. 8. Development of a cateniod

Construction of a pseudosphere development. The pseudosphere is a surface of constant
negative curvature, which is formed by wrapping the tractrix around its asymptotes. This surface, as
well as the catenoid surface, is considered only in the course of advanced mathematics.

Let we have a pseudosphere with a generatrix, whose equation for the xOz plane is (Fig. 9):

X =sint
t .
z :Intgz+cost

The equation of the surface becomes:

X =sintcosv
y =sintsinv

z= Intg%+cost

Let's construct an integral for calculating the tractix arc length. Since the curve is given para-
metrically, we use the formula for calculating the curve arc length given parametrically (on the

plane xOz) [2]:
t t, 4 t,
L= o)+ (@) ='|.,/coszt+m_382t = [ ctot =In‘sint|:2.
% i sin“t " 1

In our case, the parameter t is found in the interval [ tl;E ]. We divide this interval into sev-

T

3020

n.x
2012

r.T
12'8

TALE LT T T
]! [51 6 ]1[ ’ ]![ 4 ’ 2 ] (Flg 10)

eralones:t e 52

LI LI
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Fig. 9. Pseudosphere Fig. 10. Pseudosphere generatrix in the xOy axes

Now we find the lengths of arcs at these intervals:

|_1:

i
20 _
l_ln

30

sing%‘ = —1.855—(2.258) = 0.403;

ctgt = Infsint] sinz%‘ ~In

g‘k"—'o"}‘

L, =0.503; L,=0.39, L, =0.27,L, =0.35, L, =0.35.
The parallels radii are equals to the value z(t) :

R, = z(ij: Intg = +cos—=0.1, a, =0.026;

30 60 30
R,=0.16, a,=0042; R,=026, a,=0.068;
R,=0.38, a,=0.1; R =05, a,=0.13;
R, =071, a,=0.18; R, =10, a,=0.26.

On Fig. 11 a quarter of the segment surface is represented with 10-folds increase of all ob-
tained values and a complete development of a pseudosphere.

e

= ;““ -
g \ L | il | \‘ | | ‘\ ‘“\‘ ‘ |
a l r 1
I 1l W
RV RN IRV TR TRV IR RV IRIRVIRN]
oW oW W W W W W W W
1T 1 W Wl
1 |‘[ ‘U’

EEEEEEEEN

Fig. 11. Development of a pseudosphere

Conclusion. The surfaces developments are widely used for architectural modeling of pro-
jects. The Architectural Institute students of Odessa State Academy of Building and Architecture
(Ukraine) do study such discipline as «Volumetric-Spatial Compositions» at the Department of
«Architectural Design Fundamentals» where during two terms they train to make paper models of
their projects. The students use relatively simple geometric elements: planes, prisms, cylinders, etc.
to express their architectural decisions in paper and card models (Fig. 12).

But today, modern architects are trying to diversify the architectural environment with more
complex surfaces [5]. For example, in Fig. 13 there are photos of modern buildings, which have the
form of curvilinear surfaces.
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Fig. 12. Models of students

Accordingly, students also try to complicate their paper models with curvilinear forms. In our
opinion the proposed rotational surface involutes can be used in this capacity (Fig. 14). Certainly, it's not
just simple copying the design of building, it’s about having some elements be efficiently used.

Fig. 14. The paper models of surfaces considered in the article
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