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Abstract. Window tracery takes a special place in the Gothic architecture. One can observe
some problems with the conjugations on such windows — inscribed circle touches two arches of dif-
ferent diameters. Modern computer technology makes it easy to determine the points and radii of
such conjugates, but the aim of the work is to understand the general pattern of the construction of
such windows. There are three types of the most common Gothic windows: lowered arch, lancet
arch and equilateral arch. Exactly the different combinations of such arches and the circumferences
inscribed in them give a great variety of window tracery. Studying the geography and various con-
figurations of such windows, one can pay attention to the fact that in most cases such windows are
designed according to the same algorithm. This algorithm, according to the authors, ancient archi-
tects used window tracery in their designs. The essence of it is as follows: 1. Two rectangular trian-
gles are made; 2. In accordance with their configuration, their legs and hypotenuse are calculated; 3.
The radii of inscribed circles are determined with the Pythagorean theorem. The examples of au-
thentic Gothic windows of different buildings were considered to confirm the proposed algorithm:
the Cathedral in Salisbury, the church of St. Matthias in Budapest, the Cathedral in Poitiers, the ar-
cade on the Westminster Abbey, the Heidelberg Castle. The authors also suggest using of this
method in the restoration of old windows.
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Anotanisa. Oco0nMBe Miclie B TOTUYHIM apXiTeKTypi 3aiiMaioTh MacBepkoBi BikHa. [Ipu ne-
TAIBHOMY PO3TIIAI TaKMX BIKOH BUHHUKAIOTH 337adi Ha CIPSDKEHHS — BIIMCAHE KOJIO JTOTUKAETHCS
JBOX IyT pizHOro jiamerpy. CydacHi KOMIT'FOTEPHI TEXHOJOTII J03BOJIIOTh JIETKO BUSHAYUTU TOY-
KM 1 paJilyc TaKUX CIPSHKEHb, ajie MeTa poOOTH MoJIsraia B TOMY, 1110 O 3p03yMITH 3arajibHy 3aKo-
HOMIPHICTh KOHCTPYKIIIl TaKMX BIKOH. ICHYe TpH THIM HAaNHOIIBII MOMKUPEHUX TOTUYHUX BIKOH: Ja-
HIIET, CTplJIbYaTa CTUCIIA apKa 1 cTplibyaTa piBHOOIUHA apka. CaMe pi3HI MMOE€THAHHS TaKUX apokK 1
BIIMCaHI B HUX KOJIa JIAIOTh BEJIMKE PI3HOMAHITTS MacBepKiB. Bupuatoun reorpadiro i pizHi KOHDi-
rypaiii Takux BIKOH, MO>KHa 3BEpHYTH yBary Ha Te, 1110 B OUIBIIIOCT] BUIAJKIB TaKi BIKHA CIIPOEK-
TOBaHI 3a €JMHUM aIropuT™MoM. Lleit anropuT™ Ha AyMKY aBTOpIB, AaBHI 30/]4i BUKOPUCTOBYBAJIH B
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APXITEKTYPA

CBOIX KOHCTPYKIIisIX MACBEPKOBHUX BikoH. Mloro cyTh B HacTynmHOMY: 1. CKIIaal0Thes 1BA IPSIMOKY-
THHUX TPUKYTHHKA. 2. BianmoBigHo 10 iX KOH]iryparlii po3paxoByIOThCs iX KaTeTH 1 TIMOTEHY3H. 3.
3a monomororo Teopemu Ilidaropa BU3HA4arOThCS pajlyCH BOUCAHUX Kill. s migTBEpKEeHHS 3a-
MIPOIIOHOBAHOTO AITOPUTMY OYIIM PO3IIISIHYTI MPUKJIAIU aBTCHTUYHUX TOTHYHHX MAacBEPKIB Pi3HUX
OyniBens: cobopy B Coincdepi, nepkBu cBsitoro Mariama B bynanemi, cobopy B Ilyarse, apkanu B
BecrminTepchkoMy abaTcTBi, 3aMKy B [elimensOep3i. ABTOPH MPOMOHYIOTh TaKOX BUKOPHUCTAHHS
I[OTO METOAY MPHU PecTaBpallii CTApOBUHHUX BiKOH.

KurouoBi cjioBa: MacBepk, BIKHO JIaHIIET, CTpLITYacTa CTUCIA apkKa, CTplrdacta piBHOOIUHA
apka.
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AHHoTanusi. Oco0oe MeCTO B TOTUYECKON apXUTEKTYpe 3aHUMal0T MacBepKoBble okHa. [Ipu
JETAIbHOM PACCMOTPEHUU TAKMX OKOH BO3HMKAIOT 3a/ladyl Ha CONPSDKEHUS — BIIMCaHHAs OKPYX-
HOCTb KacaeTcs ABYX Iyr pasHoro guamerpa. CoBpeMeHHbIE KOMIIBIOTEPHBIE TEXHOJIOTHU MO3BOJIS-
IOT JIETKO ONPEIENUTbh TOUKHU U PalnyChl TAKUX COIPSDKEHUH, HO 11€Ib paboThl COCTOSATIA B TOM, UTO
OBbI TIOHATH OOIIYI0 3aKOHOMEPHOCTh KOHCTPYKIMH TakuX OKOH. CyIIecTBYeT TpH THIa Hanboiee
pacnpoCTpaHEHHBIX F'OTUYECKUX OKOH: JIAHIIET, CTpeNbyaTas cKaTas apka U cTpelibyaras paBHO-
CTOPOHHSS apka. IMEHHO pa3iuuHble COYETaHMs TAKUX apOK U BIMCAHHbBIE B HUX OKPYXHOCTHU J1a-
10T 00JbII0E MHOr0OOpa3zue MacBepkoB. M3yuas reorpaduio u pasinyHble KOHOUIYPALUU TaKUX
OKOH, MOHO OOpaTUTh BHUMAHUE HA TO, YTO B OOJILIIMHCTBE CIIy4aeB TaKue OKHA CIIPOEKTHPOBA-
HBI 110 €JUHOMY JITOPUTMY. DTOT AJITOPUTM, [10 MHEHUIO aBTOPOB, JPEBHUE 30{4ME HCIIOIb30BAIN
B CBOMX KOHCTPYKIMSX MacBepkoB. Ero cyts B cnenyromem: 1. CocTaBisitoTcst ABa NpSAMOYTOJlb-
HBIX TpeyrojbHHUKaA. 2. B cOOTBETCTBUU ¢ MX KOH(UTYpalueil pacCUNTBHIBAIOTCS UX KATE€Thl M TUIIO-
TeHy3bl. 3. [Ipu nomomu teopems! Ilugaropa onpenenstorcst paaAnychl BIUCAHHBIX OKPYKHOCTEH.
JUist TOATBEPKACHUS MPEITI0KEHHOTO aNrOpUT™Ma OBITM PACCMOTPEHBI TPUMEPHI ayTEHTUYHBIX TO-
TUYHBIX OKOH pa3JIMYHBIX 3/1aHui: cobopa B CosicOepu, 1iepkBu cBsitoro Maruamia B bynanemre,
cobopa B Ilyarbe, apkaasl B BectmunTepckom ab0atcTBe, 3aMka B [ eiinens0epre. ABTOpHI Ipeia-
raroT TaKK€ UCIIOIb30BAHHUE 3TOTO METO/IA ITPU PECTABPALIMM CTAPUHHBIX OKOH.

KuroueBble c10Ba: MacBepK, OKHO JIAHIIET, CTpeIbYaTas cxkaTas apka, CTpesibuaTasl paBHO-
CTOPOHHSA apKa.

Introduction. In Gothic architecture, large windows with tracery (decorative frame ornament
with circular construction of all elements) fill almost all the walls of the temples. Decorated with
colourful stained glass windows, they enhance the presence of the «Divine Light» in the churches
and basilicas. The forms of gothic windows are diverse: lancet windows, window-roses, round
window-medallions, quadrilateral, elliptical with pictures of historical episodes. The geometry of
the tracery appears in the exact location of each element of the figure, centre and concentric parti-
tions [1, 2]. Windows in the form of triangles, squares, stars, circles symbolize the unification of
matter and spirit, heavenly and earthly, end and endless, eternal and mortal.

Analysis of recent research and publications. Several Gothic windows were considered in
such articles [3, 4], where the radii of conjugate arcs and conjugation points were also determined.
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Purpose and tasks. After considering thoroughly the geometry of the distribution of such
windows in Western Europe and their various configurations, we can assume that the ancient archi-
tects engineered them with a single algorithm. The algorithm made it possible to construct easily
various designs of Gothic windows and at the same time to be spread easily throughout the territory
where Gothic temples were built.

Presenting main material. A special role in the Gothic architecture is played by windows.
One of such types of windows is a long narrow window that consists of two arches intersecting at
the top (Fig. 1). Changing the arc length and position of its centre changes the proportions of win-
dows. Between these arches a «rose» is always placed. «Rose» is a symbol that appeared in the
Gothic after the Crusades of the Templars and it is essentially connected with them. Regarding that,
let’s consider three most popular shape types of gothic windows.

The first type is lowered arch which radius is equal to 0.8 of the span L, and the centre of the

55

arches are placed inside the gap (Fig. 1, a). The height of the arc equals: H = 0 L~0.74L.

The second type is the lancet or lancet arch. In this case, the arc radius of the circle is equal to
1.25 of span L and its centres are situated outside the gap. We can add that the height of the arch-
opening in this case is equal to its width H = L (Fig. 1, b).

Third type is equilateral arch. In this case, the radius is equal to the span L and height

H =§L ~0.87L (Fig. 1, c).

The variety of combinations of these arch types and «rose» make up the various types of
windows that are described below.

|

- A

L L L

a b c
Fig. 1 Configuration of Gothic arches:
a — lowered arch; b — lancet arch; ¢ — equilateral arch

Regarding that, we propose to use an algorithm that describes the shape of a Gothic window
(Fig. 2):

1. We build a triangle with vertices O3, O, and Os.

2. We determine the height of O3K.

3. We determine two hypotenusesO,0, =R, —r and O,0, =R, +r.

4. We determine the bases of the triangles O;03K and O,03;K depending on the configuration
of the window.

5. Based on Pythagorean Theorem we obtain 0,07 —O,K? = 0,0 —O,K?.

Below, we present some examples of windows and tracery of various authentic buildings
coming from XII-XIV centuries. Such a focus on the authenticity is regarded to the need of consid-
ering only the windows, which are the real examples of the Medieval Gothic. “Pseudogothic” win-
dows are not considered, as they are only the imitation of the old style. For our examples, the win-
dows with next configuration (as in Fig. 1) were chosen.
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The first example is the windows and bas-reliefs at the Cathedral of the Virgin Mary in Salis-
bury (1220-1258, England, Fig. 3, a) [5]. By fixing the size of the window, we can say that the out-
er and inner arches are constructed based on a lowered arch, so we can calculate the radii of both
arcs, two hypotenuse and the base of the triangle (Fig. 3, b):

4 4 L 2
R=—L,R,=—-—==L 1
1= 2= 57 1)
4 1 3 2
OK=-L--—L=—L, O,K=R,==L 2
K=zL=5L=15 2 2 =% )
4 2
0103:R1—r:gL—r, OZOS:R2+r:gL+r (3)
1
Val |
o R,
I 2 |
Q_w
K
0., O,
L
b

Fig. 3. Windows and bas-reliefs at Salisbury Cathedral and their schemes:
a —windows and bas-reliefs; b — the scheme of the window

We can form an equation: 0,0, —-0O,K? = 0,0, —0,K 2, or:

BN RS R R

where the inscribed circle radius equals: r = %

The second example is shown in Fig. 4, a — a window in the church of St. Matthias in Buda-
pest (second half of the 14th century, Hungary). The outer and inner arches are constructed based
on the lancet. It means that the height of the ogive is equal to its width (Fig. 4, b).
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0, O,

a b
Fig. 4. The window in the St. Matthias church in Budapest and its scheme:
a —the window; b — the scheme of the window

In this case:
R-5L R -8L_5
4 4 2 8
OlK:EL—lL:§L, OZK:R2:§L
4 2 4 8

0103=R1—r=%L—r, 0203=R2+r=§L+r

We can form an equation:

EORCARROREY

L : . 4L
where the inscribed circle radius equals: r = 15

()
(6)
(7)

(8)

The third example is the window from St. Peter's Cathedral in Poitiers, (XII-XIII centuries,
France, Fig. 5, a). Having made the measurements of the window, we can assert that the outer arch-
es are constructed by the design of a lowered arch, while the interior is constructed with the lancet

(Fig. 5, b).
R,
r 1
‘Oa
; .
Q2
K 0.
L
b

Fig. 5. The window on the Cathedral of Poitiers and its scheme:
a —the window; b — the scheme of the window

Regarding the shape of the window, we can define the following formulas:
4L L L1 5L
Rl:_’ R2:—+—._:_
5 2 24 8

9)
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L L 3L 5L
OK==—-==—", OK=R, =— 10
1 2 5 10 2 2 8 ( )
0103:Rl—r:4—5L—r, 0203:R2+r:%+r (11)

Subsequently, can form an equation:

37

where the inscribed circle radius equals: r = 151—7L

(12)

I
7~ N\
a1
o|Z

+

=
N—
N

|
7N\
a1
o|Z
;/N

Below we present an example of an arcade on the outer wall of the Westminster Abbey, Lon-
don, (1245-1745, England, Fig. 6, a) [5]. The construction of the arcade arch is made in the form of
a lowered arch and consists of two semicircles and an inscribed circle (Fig. 6, b).

The arcade design has the following dimensions:

4 1
Rlsz'RZZZL (13)
OlK=ﬂL—£L=EL, 02K=1L (14)
5 2 10 4
Olosle—r:gL—r, 0203:R2+r:%L+r (15)

Thus, we can form the formula:

(fL—er —(3 sz :(1L+rj2 -(3 LT (16)
5 10 4 4

where the inscribed circle equals: r = %

Fig. 6. The arcade on the Westminster Abbey and its scheme:
a —the arcade; b — the scheme of the arcade

In the following figure (Fig. 7, a) we present a window in the Heidelberg Castle (1225-1303,
Germany). The given window contains two superimposed semicircles, three semicircles in one row,
one circle inscribed, and the outer arches have the construction of lowered arch (Fig. 7, b).

4L L
R=—,R, =— 17
1= Re=3 (17)
OlK=£—£=3—L, 02K=L (18)
2 5 10 6
0103:R1—r:4—5L—r, OlOZ:R2+r:%+r (19)
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Fig. 7. The window in the Heidelberg Castle and its scheme:
a —the window; b — the scheme of the window

We form the equation:
2 2 2 2
EREE RS
5 10 3 6
L : : 7L
where the inscribed circleis: r = FYR

Conclusions and perspectives of further research. With the help of the presented algo-
rithm, we can easily calculate the size of all elements in different window configurations. We can
assume that the ancient architects used such method in the design of tracery in Gothic architecture.
We believe that it was this method that allowed medieval architects to create such a variety of forms
and configurations of these gothic windows. The simplicity of this method allowed the rapid and
widespread distribution of such windows throughout the Catholic Europe. In our opinion, the pro-
posed algorithm can also be useful for the restoration of old tracery windows.
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