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The perturbed motions of a rigid body, close to the Lagrange case, are invest-
igated, Conditions are presented for the possibility of averaging the equations
of motion with respect to the nutation angle and the averaged system of equa-
tions is obtained, An actual mechanical model of the perturbations,correspond-
ing to the body's motion in a medium with linear dissipation, is considered.

A numerical solution of the averaged system is constructed.

l, Original equations and the unperturbed mot-
f{on, Perturbed motion relative to a fixed point of a dynamically symmetric heavy
rigid body can be analyzed in the case of perturbations of arbitrary nature. The equa-
tions of motion are

4p' + (C—A)gr = mgl sin 0 cos ¢ + eM, (LD

A +(A —C)pr = —mglsinOsing + eM,

Cr =eMy, M;=M;(p,q 1 9 0, %), i=123

¢ =r —(psin @ + gcos @) ctg 0

0" = pcosg —gsin ¢, Y = (psin ¢ + g cos ¢) cosec O
The dynamic Eqs. (1. 1) have been written in projections onto the body's principle axes
of inertia, Here p, ¢ and r ‘are the projections of the angular velocity vector onto
these axes; eM; (i = 1,2, 3) are the projections of the vector of perturbing moments
onto the same axes; ¢, 0 and 4§ are the Euler angles [1]; € is a small parameter
characterizing the magnitude of the perturbations (in particular, when & = 0 the
system (1. 1) describes motion in the Lagrange case [1] ); m is the body's mass; g is
the gravitational acceleration; I is the distance from the fixed point O to the body's
center of gravity; A and C are the body's respectively, equatorial and axial mom-
ents of inertia relative to the fixed point 0.

The problem is posed of investigating the behavior of the solution of system (1. 1)
for nonzero values of the small parameter € on a sufficiently long time interval { ~
€1, The averaging method [2, 3] is used for solving the problem,

Averaging with respect to the Euler — Poinsot motion of an asymmetric rigid body
was first carried out in [4], In contrast to the procedure of averaging with respect to
the Euler — Poinsot motion, averaging with respect to the Lagrange motion permits us
to examine the motion with external force moments, large in absolute value, as the
generating solution, Papers [5 — 8] were devoted to the investigation of perturbed
motions close to Lagrange motion, The method of reference motions was used in [5].
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In {6] the averaging method was applied for a special kind of generating solution, A
numerical averaging procedure was suggested in [7]. The motion of a body differing
slightly from a Lagrange gyroscope was studied in [8] with the aid of the theorem on
the preservation of motions,

Below we develop a averaging procedure for system (1. 1) under arbitrary initial
conditions for perturbations admitting of averaging with respect to the nutation angle

6 . The error in the averaged solution for the slow variables is of the order of & on

the time interval in which the body accomplishes ~&™! revolutions, At first we
derive the necessary relations for the unperturbed motion [1], i.e., when & = 0,
The first integrals of the equations of motion for the unperturbed system (1, 1) are

G, = A sin 0 (p sin ¢ + ¢ cos ¢) + Crcos B = ¢, (1.2)
H =1, 1A(p*+ ¢ + Cr*] +mglcos® =¢,, 1 =cy

where G, is the projection of the kinetic moment vector onto the vertical Oz, H
is the body's total energy, r isthe projection of the angular velocity vector onto the
axis of dynamic symmetry, ¢; (i = 1,2, 3) are arbitrary constants (¢, > — mgl).

The expression for the nutation angle 0 in the unperturbed motion as a function
of time ¢, of the motion integrals (1.2), and of an arbitrary phase constant B is
well known [1]

u=1c0s 0 = u, + (u; — u,) sn® (at - ) (1.3)

o = [mgl (uy — uy) / (24))'7

sn (af + B) = sin am (af + B, k)

B2 = (uy —ug)(ug —u)™ 0Ok <1 (L4)
where sn is the elliptic sine [9], & is the modulus of ellipticity of the functions,
and Uy, Uy and Uj are real roots of the cubic pelynomial

Q (v) = A2 [(2H — Cr* —2mglu)(1 —u?))A —
(G, —Cru)’l, =1, U<l <Tup<< + o0
Relations between the roots of the polynomial () (u) of (1.5) and first integrals (1. 2)
can be written, according to Vieta's theorem, in the following manner

(1.9)

H Cr? C2r?
Uzt uy = mgl  2mgl + 2Amgl (1L.6)
GZCr
Uty - 143 -+ Usllz = W —
H , cr G2

UilUolly = —

mgl ' 2mgl 24Amgl

The variables @ and 1 are obtained by quadratures from the following equations [1]

(G,—Cruju G, —Cru
* —= — ———————————— ¢ e — 1,7
Y=Er =y 0 VY T aao (1.0
Function u specified by relation (1.3) depends upon four constants of integration G-,
H,r and B. The subsequent integration of Eqs, (1.7) yields two more arbitrary con-
stants, Thus, formulas (1.2) — (1.7) describe the general solution of system (1. 1)
when € = 0,
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2. The averaging procedure. Letusreduce the equations of
perturbed motion (1,1) to a form admitting of the application " of the averaging
method [2,3]. To do this we pick out the slow and the fast variables, In the problem
being analyzed the first integrals (1, 2) are the slow variables for perturbed motion
(1.1). The fast variables are the angles of natural gyration @, of nutation 0, and
of precession 1. Using relations (1. 2) as the formulas for transforming the variables
(p, g, 7, 9, 0, V) to the variables (G,, H, r, ¢, 0, {), we reduce the first three
equations in (1.1) to )

G, = el(M, sin ¢ + M, cos @) sin 6 + M, cos 6] (2.1)
H = ¢e(Mp 4 My + Myr)
r=eCM,, M;=M;(p,qg, 1,9, 0,v), i=1,23

Here and in the last three (kinematic) equations in (1. 1) it is implicit that the vari-
ables P, ¢, T have been expressed as functions of G,, H, r, ¢, 8, ¥ by using
(1.2) and have been substituted into (1.1) and (2.1), The initial values of the slow
variables G,, H, r can be computed from (1. 2).

The right hand sides of Eqgs. (2.1) contain the three fast variables, which presents
a difficulty for the application of the averaging method, connected with the possibility
of the appearance of nonlinear resonances, To eliminate this difficulty we require that
the right hand sides of the Eqs. (2, 1) for the slow variables depend, in fact, on only
one fast variable, viz., the nutation angle 6 and be periodic functions of 0 of per-
iod 2;. Then Eqs. (2.1) can be averaged with respect to 0 and the equations of
first approximation obtained, It happens that a number of applied problems possess
the property indicated and admit of averaging with respect to one variable, viz., the
nutation angle 0.

Let us derive certain sufficient conditions for the possibility of averaging Egs. (2. 1)
only with respect to the nutation angle 0. Under fixed values of the slow variables
the right hand sides of Eqs, (2, 1) being averaged contain combinations of the follow-
ing kind

M, sin ¢ + M,cos ¢, M;p -+ My, M;
We require that these combinations be represented, using identity transformations, as
functions of the slow variables and of the nutation angle 0, 27 -periodic in @,
i.e.,
M, sin ¢ + M,cos ¢ = M* (G, H, r, 6) (2.2)
Mp + My = M,* (G,, H, r, 9)
M, = M* G, H, r, 0)
Note that the equalities
psin ¢ + gcos ¢ = (G, — Crcos ) / (A sin 6) (2.3)
PP+ ¢ =1[2(H —mglcos0) —Cr?] | A
ensure from relations (1.2). Consequently, combinations of form (2.3) are expressed
only in terms of the slow variables and the nutation angle 6 , and they are 2m -
periodic in 0. Therefore, the combinations (2. 3) are reduced to form (2.2). Setting
up relations (2.2) and (2.3), we see that if the perturbing moments M; satisfy the
conditions M, =pf, M,=qf, M, = My* (2.4)



832 L.D. Akulenko, D.D. Leshchenko and F, L. Chemous'ko

or the conditions

M,= Fsin¢p, M, =Fcosop, M;= M;* (2.9)
where the arbitrary functions f, F and M3* have the form
f=fG,H, 1 0, F =F (G, H, r, 0) (2. 6)

M3* = ﬂ43=l= (GH H7 r, e)

and are  2m -periodic in 8, then the requirements (2, 2) imposed are fulfilled.
Thus, for the perturbed Lagrange motion the requirements (2, 4) or (2. 5) imposed on
the moments of the forces applied are sufficient conditions for the possibility of averag-
ing the Egs, (2, 1) for the slow variables with respect to the nutation angle 6. In
what follows we assume the fulfilment of the general (necessary and sufficient) condi-
tions (2,2) or, in particular, of the sufficient conditions (2. 4) or (2, 5) (together with
(2. 6)), which ensures the validity of relations (2.2). Then system (2, 1) can be present-
ed in the form

G, =¢eF, (G, H, r, 8), F, = M* 4 M3* cos 0 2.7
H.:8F2(GZ? H’ r, e)’ F2:M2*+M3*r
r=2¢F, (G, H, 1, 8), Fy—=C1M*

Here Fq, Fy, F3 are 2r -periodic functions of 0.

We propose to carry out the investigation of the perturbed motion in the slow
variables u; (i = 1, 2, 3), connected with G, H and I by relations (1, 6) and
more convenient for analysis, The cubic Eq. (1.95) need not be solved relative to u;.
The slow variables G,, H and r can be expressed in terms of «; from (1.6) as
follows:

G, = (Amgl)*(u; +u, + ug + wgupuy - 8, R)'* (2.8)
0, sign (1 - uquy + ugug + Uylty)
H =1y mgl [(uy + uy + ug) (1 + A/ C) + (5B — uyuylig) X
(1 —4/0)]
r = 86, Y Amgl)'"> (u; + uy + us - viuug — 6,R)':
R = [(1 — u,®)(1 — uy®)(ug® — 1))
6, = sign (G2 — C%?%, &, =signr
At the initial instant the quantities §; and 8, are determined from the initial con-
ditions for &, and r. If during the motion one or both of the quantitites G2 —
C?r* and r pass through zero, a change of sign is possible for 8; and §, , to
determine which we can make use of the original system (2.7). We write relations
(1. 6) in the abbreviated form

S (uy, Uy, ug) = oG, H, 1), i=1,2,3 (2.9

where S; and ®; are known functions of their arguments (see (1. 6)). Differentiat-
ing (2. 9) with respect to time and substituting expressions (2. 7) in the place of G,
H’, r", we obtain the relations

3

as, )
Z Lu = Z; (g, U3, ), §=1,2,3 (2. 10)
J

=1
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Here

o0, o, oD, .
Zi=a—Gz~F1+—aH—F2+ g Fy, i=1,2,3 (2.11)

Further, we need to solve the linear Egs, (2. 10) relative to the derivatives u;. The
determinant D of the linear system (2, 10) equals

D = det (88, / duy) = (uy — uy)(uy — us)(uy — Us)
and is nonzero by assumption, The partial derivatives in (2, 11) can be represented,
by using equalities (2, 8), as functions of only the variables u; , Thus, aftersolving

system (2. 10) relative to the derivatives, the desired system of equations for the slow
variables u; takes the form, analogous to (2.7),

by = eV (uy, Uy, u3, 0), i =1,2,3 (2.12)
Vi = Vi * + VipFo* + VigFg*, Vi; = Vij (ug,  uy, Uus),
j=1, 2, 3
where we have
G,— Cru,
Vi = Amgl (uy — ug)(uy — uy) (2-13)
Vip = u2—1
mgl (uy — ug)(uy — us)
c C G,
Vis = mgl (uy — ug)(uy — uy) [(7 o 1) rugt — N - r}

Here, instead of G, and r we must substitute the corresponding formulas (2. 8).

The functions Vg; and Vs; (j = 1,2, 3) are obtained from the corresponding ex-

pressions in (2, 13) for the same values of j by cyclic permutation of the indices on

the quantities ¥; . The functions F;¥* are obtained by substituting into the F; from

(2.7) the expressions (2. 8) for the integrais, The initial values u;° for variables

u; are computed from the initial data G;°, H°, r° with the aid of relations (1. 6).
The procedure for averaging the first-approximation Eqs. (2. 12) for the slow vari-

ables u; is the following [2,3]. Into the right hand side of system (2. 12) we sub-

stitute the fast variable O from expression (1,3) for the unperturbed motion

8 = arccos [u, + (u, — u,) sn? (at + B)l (2. 14)

After the substitution of (2, 14) the right hand sides of system (2. 12) are periodic func-
tions of ¢ with period 2K (k) / @, where % and a are defined by relations (1.3)
and (1.4). Averaging the right hand sides of the resultant system with respect to £,
we obtain, in the slow time T = &l , the averaged system of first approximation
(differentiation with respect to T is denoted by a prime, while the previous notation
is retained for the averaged variables)

u, = U; (ug, ug, usg), U 0) =u’ =1, 2,3 (2.19)

Here
2K/a

2,16
Uy sy un) = i\ Vil 10,8 (1)t (2. 16
0
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and expression (2. 14) has been substituted as 6 == 0 () in (2. 16),

Thus, according to the procedure suggested, the investigation of perturbed Lagrange
motion is carried out in the following way. Let the perturbing moments eM,; satisfy
conditions (2, 2) or, in particular, (2.4) or (2, 5) (together with (2. 6)). We compute
in succession the functions M,;*, F;*, V. (i = 1, 2, 3), using relations (2. 2),
(2.7), (2.12), (2.13), After this we average V; in accord with (2, 16), using ex-
pressions (1, 3), (1. 4), (2.14), and we set up the averaged system (2, 15). System
(2, 15) is significantly simpler than the original system (1, 1) since it is of lesser order
(third instead of sixth), is autonomous, and does not contain fast oscillations, After
investigating and solving system (2, 15) for u;, the original slow varables G, H,r
are recovered from formulas (2.8)., The fast variables ¢, 0, P canbe found by
using relations (1,7) and (2.14). In accord with the general theorems of the averag-
ing method [2, 3] the slow variables u; or G,, H, r are determined with an error
of order &, while the fast variables are determined with an error of order unity on
an interval of order €71 of variation of time ¢ .

3. Perturbed motion of a rigid body under 1lin-
ear dissipative moments, Asanexample of the procedure worked out
we investigate the perturbed Lagrange motion with due regard to the moments acting
on a rigid body from the surrounding medium, Wwe take the perturbing moments eM;
(t = 1, 2, 3) in the form [10]

er_,ap’Mz:.-_ag,Maz——br,a,b>0 (3.1)

where a4 and b are certain constant proportionality coefficients depending on the
medium's properties and the body's shape, Moments (3. 1) satisfy the sufficient con-

ditions (2.4) and (2.6) for the possibility of averaging with respect to only the nutation
angle 0 ., System (2,1) can be written as follows

G, = — g la(psin @ 4 ¢ cos @) sin 0 4 br cos 0] (3.2)
H = —¢la(p*+ %) - br?) .
r= —gbClr

Having integrated the third equation in (3.2), we obtain (r° is an arbitrary initial
value of the axial rotation velocity)

r=r°exp (— ebC1 1) (3.3)

In accord with the procedure in Sect. 2 we pass to the new slow variables u; and we
average in accord with (2.16). We obtain an averaged system (2. 15) in slow time
t= &t of form

1 c C
o LR g P2 (U — 1) — (3.4)
T T gl (uy — el — ug) [b a et e =)

a . a C C
2-—;1-mgl (u2—1v-+ 27[1 (uy2 — 1)-——7—(b—-—a7)r2ulv—-

C a b i C
Tt w) et mer 5 b —ag)er]
v = ug — (uy — u) E (k) / K ()

Here the expressions (1,4) and (2, 8) are substituted in the place of G,, H, r, ¥ .The
equations for #, and uy are obtained from (3,4) by a cyclic permutation of the
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indices on u;, However, under permutation the expression for », wherein K (k)
and E (k) are the complete elliptic integrals of the first and second kinds , should
remain unchanged in all three equations,

The averaged system (3, 4) was integrated numerically on a computer for 72> 0
under various initial conditions and problem parameters, Let us present the calcula-
tion results for three cases cormresponding to the following initial data;

ulo u2° u3° °
1) 0.913  0.996 1.087 5°
2) 0 0.5 2 60°

3) —0.992 —0.985 2.992 170°

The data presented correspond to a spinning top receiving at the initial instant an
angular rotation velocity equal to r° = ¥'3 around the dynamic symmetry axis and
deviated from the vertical by the angle 6° . In addition, we take 4 = 1.5,C = 1,
a==0.125, b = 0.1, mgl =0.5. Using the values of u; found as a result of the numeri-
cal integration, we determine the variables G, H, “r from formulas (2, 8),

Ve 2

H Uy

G

Z
Nt
4, Gz \
\ 4,
H
G
0 I g
Z

\ UZ
4
-/ -7

Fig. 1 Fig. 2
o

The graphs of functions u; (i = 1, 2, 3), G, 4,
r are shown in Figs, 1— 3 for the three cases
r mentioned, The total energy H decreases
monotonically and asymptotically approaches
the value H = — mgl= —0.5. The projec-
tion of the kinetic moment vector onto the
H vertical G, incases I and 2 decreases mono-
tonically, while in case 3 it increases mono-
tonically, tending to zero in all three cases,
The quantities u; and u, decrease mono-
tonically and tend to— 1, while u; asymp-
totically approaches -1, In this connection,
as follows from (1.3), we have ¢€os@ — — 1
0 — ).
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Thus, under the action of external dissipation the rigid body, for any initial condition,
tends to the unique stable (lower) equilibrium position, In cases 7 and 2 the decrease
of the variables takes place very slowly. Therefore, in these cases it becomes conven-
ient to make the change of independent slow variable § = In (1 - 1) in system (3. 4),
The correctness of the calculation was monitored by the fact that the values of r as
obtained from the numerical data and from formulas (2. 8) practically coincided with
the exact solution (3, 3).

An averaging procedure can be carried out analogously for the motion of a rigid
body in the Lagrange case with a cavity filled by a liquid of high viscosity. The corr-
esponding formulas for the moments of the viscous forces were obtained in [11],
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