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RAPID ROTATION OF A HEAVY GYROSTAT ABOUT A 

POINT IN A RESISTING MEDIUM 

L. D. Akulenko and D. D. Leshchenko 

F I X E D  

UDC 531.1 

We consider  an asymmet r i c  heavy rigid body with a spherical  cavity filled with a high-viscosi ty  liquid 
rotating rapidly about a fixed point in a weakly resis t ing medium. We call motions rapid when the moment 
of the applied forces  about the fixed point is small  in compar ison with the instantaneous value of the kinetic 
energy of rotation. 

To investigate the motion of the body with a liquid we introduce three Car tes ian coordinate sys tems:  a 
s tat ionary x i sys tem (i = 1, 2, 3); a Yi system with the Y3 axis along the angular momentum vector  G of the body 
and liquid (Fig. 1); a z i sys tem whose axes coincide with the principal axes of inert ia of the rigid body. The 
x i sys tem is t ransformed into the Yi sys tem by two rotations:  by an angle k about xa, and by an angle 0 about 
Y2. The position of the z i axes with respec t  to the Yi sys tem is determined by the Eulerian angles 0, go, and 

9- 

Table 1 l is ts  the cosines of the angles between axes. 

The equations of motion of an a symmet r i c  body with respect  to a fixed point have the following form 

[131: 

dG =L3;  d6 Li . dL L~ . 
d'-'T ~ = '"G- ' at = Gsin-'6' 

(1  1 ) L s c o s , - - L ,  sinr 
dOdt --  G sin 0sin q~ cos q~ "Jl B + 6 " 

d,~ OcosO ( 1 sinZ qo cos~ ~0) L, c o s , +  Lzs in ,  . 
d'-t- = C A B + Gsin0 ' (1) 

6 co__.~ O ctg 0 - -  ctg 6. 

Here the L i are  the Yi components of the moment of the applied forces;  G is the magnitude of the angular 
momentum; A, B, and C are  the principal  moments  of inert ia  with respect  to the z i axes; 0, go, and ~ are  the 

Euler ian angles. 

TAB hE 1 

Axis Ozt Oz~ Oz8 

OYl 

OY2 

0~'8 

(zll = CoS (p cos ~ -- 
-- cos O sin r sin r 
a21 = cos (p sin r 
+ cos 0 sin r cos r 
a3x = sin 0 sin r 

al~ = -- sin r cos r -- 
-- cos 0 cos q~ sin ~ 
e~. = - -  sin r sin r + 
+ cos 0 cos ~ cos 
%~ = sin O cos r 

%3 = sin O sin r 

%3 = - -  s in 8 cos  ~1~ 

r = COS 0 
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Fig.  1 

Using the e x p r e s s i o n s  for  the z i componen t s  of the angular  m o m e n t u m  v e c t o r  G 

Ap=GsinOsin~; Bq~-GsinOcos~; Cr=GcosO, (2) 

we obtain fo r  the kinet ic  e n e r g y  T of the body and i ts  t ime  de r iva t ive  

T = -~--[f ~ -t- + ; (3) 

cos z q~ 1 

+ sin qD cos ~ -~- - - - -~ , (4) 

where  p, q, and r a r e  the z i componen t s  of the absolu te  angu!a r  ve loc i ty  v e c t o r  co of the body. 

By taking account  of (2), the Yi componen t s  of the m o m e n t  of the g rav i t a t iona l  f o r c e s ,  the ex te rna l  
r e s i s t a n c e ,  and the componen t s  of the pe r tu rb ing  m o m e n t  due to the effect  of the v i scous  liquid in tlhe cav i ty  
on the mot ion  of the r ig id  body can be wr i t t en  in the f o r m  

3 3 

i=l i=l 

pPG 3_ [ (A - -  C)(A + C - -  B) ,  
+ vABC[ -AC tc~ sin 0 c~ 0 sin q~ c~ ~ 

sin ~ sin 0 cos 0 sin z (p) -I- (A - -  B) (A + B - -  C)cos ~ sin 30 sin cp cos q~ 
AB 

(B --  C) (BBc-t- C --A) (cos ~ sin 0 cos z 0 sin qD cos cp +s in  ~ sin 0 cos 0 cos 2 q0)J; 

3 3 

L2 : mg ai (a3~ sin 6 + cqi cos 6) - -  G ccsia21 + --~- ~z32~z~ 

. - -  . ( 5 )  

+ --ff-lsl a33az3)~ + ~PPG s ~[ (A - -  C) (AAc + C --  B) (cos ,  sin t) cos 0 sin 2 q~ 

(A ~ B) (A + B - -  C)_si n *  sins 0 sin q~ cosq). + sin ~2 sin 0 cos z 0 sin q~ cos q)) + AB 

+ (B ~ C) (B BC + C --  A) (cos ,  sin 0 cos 0 cos z ~p--sin ~2 sin 0 cos 2 0 sin q~ cos q~)]; 

3 3 
�9 Is i  2 \  --ff-%3) " 

i~l i~l 
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~iere the lij a re  the aerodynamic  diss ipat ive  torque coeff icients  [1], which a re  assumed  constant. 

Since we a re  studying rapid motion, the ra t io  m g a / T  o ~ e << 1 is  a s sumed  smal l ,  where a is  the distance 
f rom the cen te r  of m a s s  to the fixed point. The r e s i s t ance  of the medium is  a s sumed  weak and of the same  
order  of sma l lnes s .  III ll/G 0 ~ e << 1, where II I LI is  the norm of the diss ipat ive  coeff icients  mat r ix .  

T e r m s  taking account of the effect  of the viscous  liquid filling the cavity on the motio• of the rigid body 
a re  delayed in [14] by using the table of d i rect ion cos ines ,  where p is  the density of the liquid, and ~ is  the 
k inemat ic  v iscosi ty .  The constant  t ensor  P depends only on the shape of the cavi ty ,  and c h a r a c t e r i z e s  the 
diss ipat ion of energy resul t ing f rom the v i scos i ty  of the liquid. 

In the p rob lem under considera t ion  we specify the t ensor  1 ) in the fo rm Pij = P6ij,  where  ()ij is  the 

Kronecke r  symbol ,  and P > 0. Thus,  for  example ,  for  a spher ica l  cavi ty  of radius  a we have P = 8~ aT~ 525. 
It i s  a s sumed  [14] that the cavity is  filled with liquid of sufficiently high v i scos i ty  so that PPG0/vABC ~ ~, 
where G O and T O a re  the init ial  values  of the angular  momen tum and kinetic energy of the body. 

The rapid  motion of a heavy r igid body about a fixed point was inves t iga ted  in [8], and the rapid  rotat ion 
of a heavy rigid body with a fixed point in a weakly res i s t ing  medium in [10]. 

Using equations der ived by Chernous 'ko  [14], the stabil izing effect  of a v iscous  liquid in a cavity on the 
rotat ion of a top about a given axis  was studied in [12] for  an a r b i t r a r y  t enso r  P. The rapid  rotat ion of a 
s y m m e t r i c a l  top with a liquid in a gravi ta t ional  field, and the poss ibi l i ty  of the damping of nutational osci l la-  
t ions by a v iscous  liquid filling a cavi ty  in the ro to r  or  in the gyroscope  f r a m e s  was invest igated in [5, 6]. 

We study the solution of s y s t e m  (1}, (4) for  smal l  ~ over  a long t ime in te rva l  t ~ 1/~.  We solve the 
p rob lem by the method of averaging  [2, 11]. We ave rage  over  the Eu le r - -Po inso t  motion by the method of [13, 

14] for  nonresonance  cases .  

Le t  us cons ider  unper turbed  motion (e = 0) when the momen t  of the applied fo rces  is  zero.  In this case  
the rotat ion of a r igid body is  Eu le r - -Po inso t  motion. The quanti t ies  G, 5, ~,  and T become constant,  and 
e, 9 ,  and ~ a r e  ce r ta in  functions of the t ime  t. The quanti t ies  G, 6, X, and T a re  slow v a r i a b l e s  in the 
pe r tu rbed  motion,  while the Eule r ian  angles e, ~, and ~ are  fas t  va r iab les .  

F o r  def ini teness  we a s s um e  that  A >t5 >C,  and cons ider  mot ion under the condition 2TA ~- G 2 >--- 2TB, 
which co r r e sponds  to paths of the angular  m omen tum vec to r  enclosing the z 1 axis  [9]. We introduce the 

quantity 

k2 (B ~ C) (2TA ~ ~) 
= (A--  B)(6~-- 2TC) (0 ~< ~ <~ 1), (6) 

which is  a constant  for  unper turbed  motion - -  the modulus of el l ipt ic  functions [9] cha rac te r i z ing  the motion 
of the end of the angular  m om en t um  vec to r  in the fixed sys tem.  

To cons t ruc t  the ave rage  s y s t e m  of the f i r s t  approximat ion  we subst i tute the solution of the unper turbed 
Eu le r - -Po inso t  motion [9] into the r ight-hand sides of Eqs.  (1) and (4), and ave rage  over  ~ and then over  the 
t ime  t, taking account of the dependence of 0 and q~ on t. The previous  notation is  p r e s e r v e d  for  the slow 

averaged  va r i ab les .  As a r e su l t  we obtain 

~rnga~ / 'A(~ 2TC). 6"--=0; G" O 
X'--~ 26~Ktk ) W ~---C" ' = - - A ( B C C } + C ( A - - B )  k= 

E(k) l~  K - - ~ J  - i ~  (A - 1 1 .  (8 - c )  

E(k)l. pPC~(A--C)2(B--C)(A--B) [B (A--FC--B)H-2AC] 
X R - ~ ] ,  T ' =  ,,, 6vA,.BZCz[A(B_C)..+C(A_B)Ie~lZ ..... 

X {(1 - -  x) (1 - -  k 2) - -  [(1 - -  • + (1 + • k 2] E (k) I. 2T K (k) l A (B--C)+C(A--B) k 2 

X(I22(A_C)[1 'K-~ J E(k)] , -r- [ 'K--~ j E(k)] - -  Ia3(A - - B ) [ k  2 -  1 H- 

(A--B)(A--C)(B--C) { _ ~ [  E(k) l 
-t- B _ C . i _ ( A _ B )  k2 k~-- 1 -b "~ -~  j -t- 
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+ @ ( 1 - - k ~ ) l l - - E ( k ) ] [ +  I , , ( B - - C ) [ A ( B - - C ) - + - C ( A - - B ) U ]  Z(k)~  
K(k)  J{ B - -  C + (A - -  B) k 2 K N  )" (7) 

I~ere K(k) and E(k) are  complete elliptic integrals  of the f i rs t  and second kind; 

3B [(A z + C 2) - -  B(A + C)] 
• = (A - -  C) [B (A + C - -  B) + 2AC] " 

It follows f rom Eq. (7) that the presence  of a cavity eontaimng a viscous liquid and a resist ing medium 
leads to the evolution of the kinetic energy T of the body and the magnitude of the angular momentum G. It is 
c lear  that in the f i rs t  approximation the viscous liquid in the cavity and the res is tance  of the external medium 
affect a change in T. The evolution of the magnitude of G occurs  onIy under the action of the resis t ing force; 
only the diagonal components iii of the dissipative torque mat r ix  enter the equations. T e r m s  containing the 
nondiagonal elements Iij (i ~ j) drop out in the averaging. 

The expression in curly brackets  on the r ight-hand side of Eq. (7) for G is positive for A > I3 > C, since 
(1--k2)K -< E <- K [4]. Each coefficient in h i  is a nonnegative function of k 2, and all of them cannot vanish 
simultaneously. Therefore ,  dG/d t  < 0, i.e., G r igorously  decreases  for any k2~[0, 1]. 

Equation (7) for T contains t e rms  character iz ing the effect of the viscous liquid in the cavity and the 
res is tance  of the medium. According to [14] the t e rm resulting from the effect of the liquid in the cavity is 
negative. Each t e rm of the expression in cur ly  brackets  in the equation for T character iz ing the effect of the 
res is tance  of the medium is positive. Thus, the kinetic energy T also r igorously  decreases .  

The angular velocity X of the angular momentum vector  about the ver t ical  depends on the effect of gravity,  
the res is tance  of the medium, and the damping effect of the viscous liquid in the cavity. ~ the f i rs t  approxi-  
mation of the method of averaging, the deviation 0 of the angular momentum vector  f rom the ver t ical  remains  
constant. 

As the resul t  of a number  of t ransformat ions ,  using (6) and the iast  two of Eqs. (7), we obtain the 
differential equation for k 2 

dk 2. p P G 2 ( A - - C ) [ B ( A + C - - B ) + 2 A C ]  I ( l __ •  ) 
dt = 3vA2B2C 2 t 

E(k)  2 (I33A - -  I~C) E (k) [ 
- - [ (1 - - •215  k 2]K(~)} + AC { ( 1 - - x ' ) ( l - - k 2 ) - - [ ( 1 - - • 2 1 5  " (8) 

Here 

2Ie~AC - -  I uBC - -  133AB 
(I3~A - -  luC) B 

When the inequality 2TB >-- G 2 >- 2TC is satisfied, corresponding to paths of the angular momentum vector 
enclosing the z 3 axis, it is necessa ry  to interchange the pa rame te r s  A and C and II~ and I33 in Eqs. (7) and (8), 
and to replace a 1 by a 3 in Eq. (7) for X-. Then Eq. (8) retains its form, but ~ must  be repIaced by --~,  and at ,  
by --Y~I. The angular momentum approaches zero  asymptoticaIly according to a law which can be est imated as 
G ~ exp ( -y t )  (y = eonst > 0). The quantity k 2 var ies  according to Eq. (8). The only quasis tat ionary point 
of Eq. (8) is the value k = 0. 

56:~ 



We note that, in contras t  with previous investigations [14], the magnitude of G var ies  with time. In 
general  the equations for G and k 2 cannot be integrated, and they are  quite difficult to investigate. 

We integrated this sys tem numerical ly  by computer  for the initial conditions G(0) = 1.414, k2(0) = 0.99. 
The value of k2(0) cor responds  to motion close to passage through the s epa ra t r i~  In addition, for definiteness 
we take A = 3.2, B = 2.6, C = 1.67, which cor responds  to )r = 0.112. Figure  2 shows graphs of the functions 
k 2 and G obtained by numer ica l  integration. Curves  i and 2 correspond to ~t = --4.471 (Ill = 2.322, I22 = 1.31, 
132 = 1.425) and ~i = 3.852 (Ill = 0.919, I22 = 5.228, I~3 = 1.666). It can be seen that in the f i rs t  case the magnitude 
of the angular momentum G decreases  more  rapidly than k 2, while in the second case,  for the values of the 
pa rame te r s  chosen, k 2 approaches zero more  rapidly than G, i.e., the motion approaches rotation about the 
z 1 axis. 

In addition, for  the f i rs t  case  the rate at which k 2 and G approach zero  for var ious initial values of k 2 
(k2(0) = 0.8, 0.6, 0.4, 0.2) was computed numerical ly .  

The calculated curves  a re  shown in Fig. 3. The rate at which k 2 and G approach zero  for var ious values 
of k2(0) was calculated numer ica l ly  for  n l  = --4.471 (corresponding to curve 1 of Fig. 2, obtained for k2(0) = 
0.99). Thus, for a different choice of values of k2(0) for  the chosen values of the pa rame te r s  of the problem, 
G approaches zero  more  rapidly than k 2. 

F o r  small  k 2, which cor responds  to motion close to rotation about the z 1 axis, the system of equations 
for  G 2 and k 2 takes the form 

d =dt = -- 2 {I,, + I,,B) + (A-- B)(Z,A -- } ' 

{ ppo  [S(A--B)+C(A--C)}}. d t =  - -  ~ 2 [C (12zA -- I,,B) + B (lssA -- I,tC)] _ - - ~  

It  should be noted that (9) is  a sys tem of nonlinear differential equations describing the evolution of 

ecological  sys tems  [3, 7]. 

F r o m  (9) a f i rs t  integral  is determined direct ly in the form 

I ! -  2 (A - -  C) (I22A - -  liiB)A 2 (B '}--/(AC)-B)(IS~A - -  ltiC) k2!l k2~exp 

{ oPG2 [B(A--B)q-C(A--C)]}. = C,G2~exp ~AB2C 2 

(9) 

(10) 

where 

r  ; 8 - - - - ~  [C(I2zA--I,tB)"i-B(13sA--I,iC)]. 

F or smal l  G 2 and k 2 it follows f rom (9) that the angular momentum dec reases  exponentially, and k 2 

decreases  or  inc reases  exponentially. 

According to (9), for an a rb i t r a ry  G the value of G 2 decreases ,  and the behavior of k 2 depends on the 

sign of the coefficient 

C (I22 A - -  l t iB)  ~ B (IasA - -  l t ,C  ). 

The authors thank F. L. Chernous 'ko for a discussion of the work and for valuable comments.  
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