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ON THE EVOLUTION OF RIGID-BODY ROTATIONS
D. D. Leshchenko UDC 531.383

The perturbed rotational motion of a rigid body with a nearly Lagrangian mass distribution is studied.
It is assumed that the angular velocity of the body is sufficiently high, its direction is close to the axis of
dynamic symmetry of the body, and the perturbing moments are small in comparison with the gravity
moment. A small parameter is introduced in a special manner and the acceleration method is used.
Averaged systems of motion equations are obtained in first and second approximations. The evolution of
the precession angle is determined in the second approximation.

1. Statement of Problem. We shall consider the motion of an asymmetric heavy rigid body about a fixed point O
under the influence of gravity G alone. The equations of motion have the form [3]

ap +(C-B)qr=mg(Z,sinBcosp-y,cos8);

Bqg +(A-C)pr=mg(x,cos0—-Z_sinOsing);
Cr +(B-A)gp=mq(y.sinBsing —x,sinbcos¢p); 1.1
Yy =(psing+qgcos¢p)cosecO, O =pcosp—gsing;

¢ =r—(psinp+gcos®)cotd.

We shall examine the case of a heavy rigid body in which the ellipsoid of inertia with respect to point O is close to
the ellipsoid of rotation, so that its principal moments of inertia have the form

A=4%1+€8)), B=4%(1+€8,), C=A°. (1.2)

Here, 8, and 3, are dimensionless constants on the order of unity, 4 % is the characteristic value of the moments of inertia, and

€ << 1 is a small parameter.
We assume that the coordinates of the center of gravity C with respect to the fixed point satisfy the relation

0<(x2+y2)2 <<z, (1.3)

c

Thus, dynamic symmetry is lost when the center of gravity of the body is displaced from the O, axis, and for the
coordinates of the center of gravity in the case in question we can write

x,=ex !, y.=ey L, Z,=I, (1.4)

where x; and y; are dimensionless quantities that are considered finite in comparison with the small parameter €, and / is the
characteristic dimension of the body.
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We reduce system of equations (1.1) to a system of Euler dynamic equations (1.5), relating to perturbations the
gyroscopic moments and the moments due to displacement of the center of gravity of the body from the axis of dynamic

symmetry (7]

Ap +(C-A)qr=ksin® cos ¢ +M, ; (1.5)
Aq +(A-C)pr=—ksinOcos o +M,;

Cr=M;, M=M(p.q,r,v,0,9,t)(i=1,2,3).

The last three kinematic equations of (1.1) are unchanged. Here, M; (i = 1, 2, 3) are projections of the vector of the
perturbing moment onto the principal inertial axes that pass through point O; k = mgl.
Here, just as in [5], the following assumptions are made:

pl+gi<cr?, Crissk, |M|<<k (i=1,2,3). (1.6)

Assumptions (1.6) mean that the direction of angular velocity of the body is close to the axis of dynamic symmetry;
the angular velocity is high enough that the kinetic energy of the body is much greater than the potential energy due to the
gravity moment; and the perturbing moments are small in comparison with the gravity moment. Inequalities (1.6) make it
possible to introduce the small parameter and let

p=¢eP,q=cQ, k=¢K, e<<];
2 .
Mi=e*M](P,Q,r,v.,0,0,t) (i=1,2,3) (.7

A number of authors, such as [1, 2, 5, 6], have studied the nearly Lagrangian perturbed motion of a rigid body. The
totality of simplifying assumptions (1.6) or (1.7), as was shown in [5], make it possible to obtain a comparatively simple
averaging scheme in the general case.

The problem is to investigate the asymptotic behavior of system (1.5) if conditions (1.2), (1.4), (1.6), and (1.7) are
satisfied. We shall employ the averaging method of [4] on a time interval on the order of € -1

2. Averaging Procedure. We replace the variables and parameters (1.2), (1.4), and (1.7) in system (1.1). Having
cancelled £ on both sides of the first two equations of (1.1), after a number of transformations we obtain a system in which
A is replaced by A% in the first two equations, and the projections of the vector of the perturbing moment on the principal
inertial axes passing through point O, following (1.5)—«1.7), have the form

M7=-K8 sinbcos@-Kycos8+Qr[8(C-4%)+5,4°];
Mjy=-K38,sin0sing+Kx cos0+Pr[8,(A°-C)-5,4°}; @.1

M;=Ksin9(yl sing —x; cos@).

An averaging procedure for a system such as (1.5) is described in [5]. We examine the zeroth-approximation system
(having cancelled € on both sides of the first two equations of (1.1) after replacement of the variables and parameters (1.2),

(1.4),and (1.7)) and lete = 0.
Then, from the last four equations obtained we have

r=rg, W=yg, 0=0;5, o=rol+¢q. 2.2)

Here, ry, y, 89, and @ are constants equal to the initial values of the corresponding variables for £ = 0. We substitute equalities

(2.2) into the first two equations of system (1.1) with allowance for (1.2), (1.4), and (1.7) at € =0 and integrate the obtained
system of two linear equations for P and 0. We represent the solution as
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P=acosyg+bsinyy+KC ™ ry!sinOysin(rgr+¢y); 2.3)
Q=asinyo—bcosy0+KC_lr5‘sinBocos(rot+(pO);
a=Py-KC lrylsingysingy, b=-Qy+KC 'rjlsin6ycosegy;
= - 0 0,—-1
Yo=ngt, nyg=(C-A")(A") "rg=0, |ny/ry|<l.

Here, Pg and Q) are the initial values of the new variables P and Q introduced in accordance with (1.7), and the variable y = y,
has the meaning of the oscillation phase. System (1.1) withallowance for (1.2), (1.4), and (1.7) is substantially nonlinear; therefore,
we introduce the additional variable vy, which is defined as

y'=n, y(0)=0, n=(C-4%)% 1r. (2.4)

Equalities (2.2) and (2.3) determine the general solution of system (1.1) with allowance for (1.2), (1.4), (1.7), and
(2.4) for € = 0. The first two relations of (2.3) can, with allowance for (2.2), be rewritten in equivalent form

P=acosy+b5iny+KC"r*1sinOsin(p; 2.5)

Q=asiny—bcos~/+KC'1;"'1 sinBcos .

These equalities are easily solved for a and b.
We introduce a new variable p as follows:

r=rg+ep. 2.6)

Using formulas (2.5) and (2.6), we move in system (1.1) with allowance for (1.2), (1.4), (1.7), and (2.4) fore #0
fromvariablesP, O, r, w, 6, @, and v to the new variables a, b, p, y, 6, o, and y, where

a=y+¢. 2.7

After transformations, we have a system of seven equations that is more convenient for further study:
. _ 0,-1,,0 0 _. -1_-1 -1, -1
a=e(A") Mjcosy+M;,siny)-eKC™ "ry cos8(b-KC™ "ry sinbcosar
+e2KC 1 r52pcos8(b-2KC  rytsinBcoso) +e2KC 2 rg2 MY sinBsina ; 2.8)
b =e(A%) "M Ysiny-MIcosy) +e KC 1 rglcos0 (@a+KC ™' ry 1 sin6 sino)-
—ezKC_lrazpcosE)(a+2KC_lralsinesinoc)—sZKC‘zrazMgsinecosa;
p'zsC'lMg, 0 =e(acosa+bsina);
. . -1,-1__2 -1, -2 .
y =sgcosecO(asina~bcosa)+eKC™ ry —-e“KC™ "ry°p;
a'=C(A°)_1r0+eC(A°)'1p—scotG(asina—bcosot)—sKC"1r51cosG+82KC"lr52pcose;
y'=n0+s(C—A0)(Ao)*lp.

Here, M ? are functions obtained from M ,' {see (1.7)) as a result of substitutions (2.5)—(2.7)
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M%(a,b,p,y,0,a,y,t)=M}(P,Q,r,v,0,0,1) (i=1,23). (2.9)
System (2.8) can be reduced to the form
x’=eF,(x,y)+82F2(x,y), x(0)=x4;
vz veg (x,y)+elg (x,y), y1(0)=p"; (2.10)
2

y i =oy+eh (x,y)+elhy(x,y), y2(0)=y%,

where the vector function x = ( x 1 I 4 3 ) is composed of the slow variables a, b, p, y, and 0; yl and y 2 are the fast variables
aand y; and » ; and @, are constant phases equal to C (A4 0 )~ ! roand (C -4 0 )(A 0 y~ 1 ro. respectively. The vector functions
F, g;,and h; (i =1, 2) are determined by the right sides of Egs. (2.8).

We let Z; be the two-dimensional vector (g, 4;). Since the perturbing moments M} (i=1,2, 3 ) are periodic with
respect to ¢ with a period of 2r, then, according to substitutions (2.5)—(2.7), functions A/ ? of (2.9) will be periodic functions

of o and y with periods of 2n.
In accordance with the procedure for constructing an asymptotic form of system (2.10) [4], we seek a substitution

of variables
x=x‘+sul(x‘,y')+t:2u2(x',y')+...;
y=y revi(x Ly )+elv(xty )+

y=(LyY), =" ),y =0y

such that system (2.10) in the new variables takes the form
xP=ed (x*)+el Ay (x" )+,
y ' =o+eB (x")+eB(x")+..., 0=(0;,0,). .11
Itisknown [4] that theequations for the vector functionsu and v havetheform
0 du/dy*=F(x"y*)-4,(x");
0dv/0y =2 (x"y*)-B,(x"), (2.12)

where (070 x) is the matrix of partial derivatives || 8//0x” ||(i,j=1,...,5). The functions 4; (x*) and B, (x*) are

determined by the formulas
) 2n 2rx
A (xy=— [ [F "y )dy ay™?,
47 0 0
2n 2=
Bi(x =5 | [z (x"y"yaytay? @.13)
4n” 5 5
The function u, (x ',y * ) must be a solution of the equation
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uy/8y*o=G(x*y*)-4,(x");
G(x"y*)=Fo(x",y*)+0F /8 *uy+8F;/0y° v -0u;/0x A (x*)-08u; /8y By (x*). (2.14)

The function A, (x *) is determined by the formula
2

28 2x
Aﬂx'):# { {G(x',y')dy‘ldy'z. @.15)
We determine the averaged first-approximation system of equations for the slow variables
x1 =ed;(x]), x1(0)=Xxq, @.16)
the second-approximation system for the slow variables
x5 =gA;(x3)+e24,(x3), x3(0)=xy, 2.17)

and the second-approximation system for the fast variables

yy=o+eB (x1 (1)) y3(0)=y% y°=(y".»%), (2.18)
which is immediately integrated

t
y3()=y®+or+e[B (x](s))ds. (2.19)

0

We determine the vector functions
t

x¥()=xW(en+exD(et)y+eu (xV(et),y%+0 t+eIB‘(x(l)(es))ds); 2.20)

0

t
yi()=y"+or+e B (xV(ss))ds.
0

Thus, the construction of approximate solutions x Z (t)and y;’ { t) comes down to the following procedure: we solve

Eqs. (2.12) and (2.14) by means of Fourier series, use formula (2.15) to construct the vector function 4, (x *), then determine

solutions x¢!? and x 2 in accordance with [5], and, finally, we obtain the desired approximations from formula (2.20).

3. The Case of a Nearly Dynamically Symmetrical Body. As an example of application of the proposed method,
we study the motion of a heavy rigid body about a fixed point when relations (1.2) are satisfied for the principal moments of
inertia and (1.4) for the coordinates of the center of gravity C with respect to the fixed point.

In this case, the first three equations of (2.8) in variables a, b, p, y, 0, a, y are written with allowance for (2.1); the
other equations of system (2.8) remain unchanged. After calculations by formulas (2.13), the components of vector functions
A, and B, have the form

AV =—bp1172C4°%) g (8,+8,)+KC M rglcosB];

AP =a(172CA%) " ry (8, +8,)+KC  rylcoso];
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A =0, a{V=kc'rgl, 4{3=0; (32)
B{V=cu® 'p-kC 'rglcoso, B{V=(Cc-4°)4%"'p.
The fourth and fifth components of the vector function v, = {u (li )} (i=1,..,5)areexpressed asfollows:
u(l4)=—C'lA0r5‘cosec9(acosa+bsina);
u(ls)=C'lAOral(asina—bcosa). 33)
We determine the function 4, (x *) by formula (2.15)
A =KC  rgtbeosO[p-1/2KC 2r52 4% (1+c0s0) 1+ 1/4KC™ 1 rgt b (5,+8,) cosO ;
AP = KC 1 'r5%acos0[p-1/2KC 2r5%4%(14c0s0)]-1/4KC ™ ryla(8,+8,)cos0;  (3.4)

A§=0, 4§ =—KC rg2p+A°K C 3 r53cos0- 172K C e 51 (8, +8,), 4§P=0.

We find a solution of the averaged first-approximation system of equations (2.16) with allowance for (3.2) for the
slow and fast variables:

a(')=a°cosnt—b°sinnt, b(”=b°cosnt+a°sin~qt;
pM=0, yMoekC Vrgle+y,, 0M=9,; (3.5
a(l)=C(A0)'lrot—sIKC'lralcos(90+<p0, y(l)=not,
where
n=e[1/2C(A%) "V ry(8,+8,)+KC ' rglcosyl;

a °, b 0, ny are determined according to formula (2.3).
On the basis of the formulas, we can, following (2.20), construct the components of the function x;' (1) that satisfy

variables y and 0
wi()=yo+ekC  rgle+vD);
VD2 4%k2C 3,3 - 17262tk C7 PGl (8, +85)
-eC—lAOrglcosecﬁo(a02+b°2)l/zsin(ov.(l)+B); 3.6)
sinp=aD(a?+62)"12  6Y(1)=8,.

Here, in the expression for y Z the bounded oscillating term contains nonzero initial data. The nature of the slow phase variation

of small oscillations is evident from formulas (3.5) fora () and o (1),
The obtained expression for V (1) refines for the given problem the formula for the angular velocity of precession

w,=K c 51, which is found in the approximate theory of gyroscopes [3].
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Note that in formula (3.6) for VD) there is no dependence on the deviation of the center of gravity from the Oz,
axis, which is specified by expressions (1.14). The dimensionless quantities x; and y; disappear with averaging. In addition,
these perturbations do not change the nutation angle, even in the second approximation.
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