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3BOJIIOLUS BPAILIEHU BOJIYKA JIAT'PAHKA,
BJIM3KUX K [ICEBJIOPEI'YJIAPHOU INIPELHECCUHU

' Akynenxo JI. /1., 1. ¢.-M. H., npodeccop, *Jlemenko J. 1., a. ¢.-M. H., npodeccop,
’Kozauenko T. A., K. (.-M. H., IOLICHT

' Uncmumym npoénem mexanuxu PAH,
npocn. Bepnaockoeo, 101, kopn.1, Mockea, 119526, Poccus

’O0eccras 2ocydapemeennas akademus Cmpoumenscmed u apxumexmypbl,
ya. Quopuxcona, 4, Odecca, 65029, Ykpauna

kumak@ipmnet.ru, leshchenko d@ukr.net, kushpil.ru@rambler.ru

PaccmarpuBaloTest BO3MYLICHHBIC JIBHXKEHMs TBEpPOT0O Teja, OMU3KHE K MMCEBAOPEryNApHO npeneccuu B cliyyae
Jlarpanska. [TpoBeseHo ycpeaHeHHe ypaBHEHHH JBMIKEHHs 1O OBICTPOH nmepeMeHHOW — yray Hyrtaunu. PaccMoTpeHb
MEXaHMYECKHE MOJIe/IN BOIMYILIEHHH.

Kniouegvie cnosa: eonvox Jlazpandica, memoo ycpeouenus, nceeoopeynapHas NPeyeccus.
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EBOJIIOLISI OGEPTAHBb BOBUKA JIAI'PAHKA,
BJIN3bKUX 10 IMCEBJIOPET YJIAPHOI IMPELECIT

' Akynenxko JI. /1., a. ¢.-M. H., npodecop, “Jlemenko J1. JI., a. d.-m. H., ipodecop,
’Kozauenko T. O., k. ¢.-M. H., 1OLIEHT
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200ecvra depocasna axademis 6ydienuymea ma apximexmypu,
syn. diopixcona, 4, Odeca, 65029, Vkpaina

kumak@ipmnet.ru, leshchenko d@ukr.net, kushpil.ru@rambler.ru

Posrnspatorees 30ypeHi pyxu TBepaoro Tina, OnM3bKi 10 TceBaoperyispHol npenecii y Bunaaky Jlarpamka.
[IpoBesieHO ycepe/HEHHsI PIBHSHb PYXy 3a LIBHJIKOK 3MIHHOW — KyToM Hyrauii. PosrisHyTo MexaHiuni mopeni
30ypeHb.

Knovosi crosa: eosuok Jlazpandica, memoo ycepeoneHHs, ncegdope2yisapHa Rpeyecis.

EVOLUTION OF ROTATION OF LAGRANGE TOP,
CLOSE TO PSEUDOREGULAR PRECESSION

'Akulenko L. D., D.Sc. in Physics and Maths, Professor,
?Leshchenko D. D., D.Sc. in Physics and Maths, Professor, 2’Kozachenko T. A., Associate Professor

\Institute for Problems in Mechanics of the Russian Academy of Sciences,
Vernadskogo prosp., 101, block 1, Moscow, 119526, Russia

2Odessa State Academy of Civil Engineering and Architecture,
Didrikhsona str., 4, Odessa, 65029, Ukraine

kumak@ipmnet.ru, leshchenko d@ukr.net, kushpil.ru@rambler.ru

Paper [1] is a brief survey of some theoretical results in area of dynamics of the rigid body with one fixed point from
view point of the applications to the mechanics of space flight. Only the papers are mentioned here, that are the most
close to the results of author and his colleagues.

The authors investigated some new problems of the motion of a rigid body about a fixed point under the action of
perturbation torques of forces of different physical nature. The motion with the moment of external forces in Lagrange’s
case is considered as a nonperturbed motion. The influence of the perturbations is determined by the averaging method
for the Lagrange-Poisson motion [3]. The paper [3] develops an approximate solution to a specific set of dynamic
equations. These equations are the basic Euler equations with the symmetric heavy mass assumption and an additional
&M, perturbation term (where ¢ is a small quantity). It is further assumed that the problem can be decomposed into

slowly and quickly changing variables, that one quickly changing variable (@, the nutation angle) has 2z periodicity, and
thus that averaging with respect to & can be accomplished with a small resulting error in the results. The averaging
technique reduces the system order from 6 to 3, making the system autonomous, and does not contain fast oscillations.
The averaged system of equations of the first approximation is got for slow variables where: G- is the projection of the
angular momentum vector onto the vertical, // — the body’s total energy, r is the projection of the angular velocity
vector onto the axis of dynamic symmetry.

The authors investigated perturbed rotational motions of a rigid body that are close to regular precession in the
Lagrange case. The averaged systems of equations of motion is obtained in the first and second approximations [4, 5].
The authors investigated perturbed rotational motions of a rigid body that are close to regular precession in the
Lagrange case when the restoring torque depends on the nutation angle. Analogously to the case of constant restoring
torque, the averaged systems of equations of motion is obtained and investigated in the first and second approximations.
For the motion under the action of the resistance torque, applied by the medium, and the torque that is constant in body-
connected axes, we have found out the evolution of the precession and nutation angles [7].

In this paper the perturbed motions of Lagrange top similar to pseudoregular precession, are investigated.

1. In this paper a class of rotations of a dynamically symmetric rigid body about a fixed point has been investigated.

2. An averaging procedure has been developed for the resulting essentially nonlinear systems.

3. We consider mechanical models of perturbations related to rigid body motion in the following cases: the linear-
dissipative medium or under the action of a torque that is constant in the attached axes.

Key words: Lagrange top, averaging method, pseudoregular precession.
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BBEJIEHUE

[IpoGiema 3BOMIONMK BPALIEHUH TBEPAOIO Tejla OTHOCUTEILHO HEMOABHIKHOW TOUYKH MPOJAOIKAET
NpuBJIeKaTb BHUMaHME wuccieqoBareneid. B npukiagHoOM acnekTe aHaliu3  BpalaTelbHbIX
IIBM}KCHI’I[:i TE€J OTHOCHUTCJIBHO HCI'!O,E[BI/I}KHOFI TOYKH BaXeH aJ1s pemeHm{ 3ajJa4 KOCMOHABTHKH,
BXO/Ia JIETaTe/bHBIX anmnapaToB B atMocdepy, ABWKEHUs BpalllAIOLIErocs CHapsjia, TUMPOCKOMUH.
Ilpy >TOM B KauyecTBe MOPOXKAAIOIETO (OMOPHOrO) [BUIKEHUS, YUMUTHIBAIOLIETO OCHOBHBIE
MOMEHTbI CHJI, ISHCTBYIOLIMX Ha TEJI0, MOKET paccMaTrpuBaThes ABvkeHue Jlarpanika. Hanomuum,
4YTO B 3TOM CJ'I}"-IEIC TEeJ1o npe,unonaraeTCﬂ UMCHOLIHM HGHOJ]BH}KH)('IO TO'-II{y H HAXOOdAIKUMCA B I10JIC
TSOKECTH, TNpPUYEM LIEHTP Macc Teja M HEeNoABMXKKHAs TOovKa Jexar Ha OCH JMHAMUYECKOH
cUMMeTpuu Tena. BoccraHaBiMBaroOmMiA MOMEHT CHJI, QHAJIOTMYHBIA MOMEHTY CHJI TSKECTH,
CO3/1a€TCsA TAKIKE a’pPOJMHAMHYECKMMM CHJIAMHM, JEHCTBYIOIUMMH Ha TEJO B TOTOKE CpEJbl.
[losTomy nBukeHus, Oiauskue K ciydaio Jlarpamika, Mcciel0BalucCh B LEJIOM psjae paboTr 1o
JMHAMUKE TBEpPAOro Teja, JBHXKYIIErocs OTHOCUTENILHO LEHTpa Macc MoJ JeicTBHEM
BO3MYIIAIOUIMX MOMEHTOB CHJI pa3ivuHON (u3nueckoil npupoasl. Mcenenoanus B 3Toi obnactu
BOCTpeOOBaHbl B CBS3M C pa3BUTHEM COBpeMeHHOW TeXHUKH. B craTthe [1] maerca obG3op pabor,
onybnukoBaHHbIX 10 1998 roga no mpobiaeme IBOMIOLMM BPALICHUH TBEPAOro Teia, OIU3KHMX K
cinydato Jlarpawxka. [Ipu usyueHum JaHHOH Tembl ObLIM MPEUIOKEHBI PA3IMUHBIE METO/Ibl
uccienoBanuii. OJIHUM U3 KOTOPBIX SIBJISIETCSl MeTO/ yepeaHeHus [2]. C noMolbio JaHHOro MeTo/1a
U3y4yaercs HBOJIOLMS BpalleHus: Boduka Jlarpawxka [3-8], momydeHbl yCpeIHEHHbIE CHUCTEMbI
YpaBHEHH JBMIKEHHS B MEPBOM M BTOPOM NpuOIMKeHUH. B HacToseld cratbe MpoAO0KEeHbl U
pa3BUTHI MCC/E0BAHUS BO3MYILEHHOIO BpalllaTe/bHOIO JBM)KEHUS TBEpJIOro Tteja, OJau3Kue K
NCeBJIOPErYJISPHOI nperieccuu B ciyyae Jlarpanka, HayaTblie B padore [6].

1. MIOCTAHOBKA 3AIAYHU

Uccneayercss BO3MYILEHHOE JBHIKEHHE OTHOCHTEILHO HEMOJBMIKHOW TOUkM O JAMHAMMYECKH
CUMMETPUYHOrO TSKEIOr0 TBEPJOro Tejla B Cllydae BO3MYIIEHHI MPOU3BOJILHON MPUPOJIBL.
YpaBHeHUS JIBHIKEHUS UMEIOT BUJ [3]:
A;'J+(C— A)qr =mglsin@cosp+eM,,
Ag+(A-C) pr=—mglsin@sinp+eM,,
Cr=eM,, M,= M:.(p, g, r, ¥, 0,9), i=1,2,3,

. (1.1)
y =(psing+gcosg)cosecd,

0= pCos@—qsin g,
¢ =r—(psing+gcosp)ctgd,

rae p, ¢, r — NPOCKUMHU BEKTOpa YIJIOBOH CKOPOCTH Teja Ha IJIaBHbIC OCH MHEpPUMH Tena; y, O,
@ — yrabl Diinepa; Bennuunsl €M, (i =1,2,3) — npoekiiy BEKTOpa BO3MYILAIOIIET0 MOMEHTA Ha Te
7K€ OCH; £ — MaJlblii MapaMeTp, XapaKTepU3yIOLIMii BEIMUMHY BO3MYLIEHHUI; m — Macca Tena, g —
YCKOPEHHE CHJIbI TSIKECTH, [ — pacCTOSIHUE OT HENOBMIKHON Toukn (O 10 LIEHTpa TSHKECTH Tea;
A —skBaropuaibHeiii, C — 0CEBOI MOMEHT MHEPLIUK TeJla OTHOCUTENILHO Touku 0.

CraBuTCs 3a/1a4a UCCIICOBaHMS NOBEACHUS pelieHus cuctemsl (1.1) npu 3Ha4eHUAX &, OTIIMUYHBIX

OT HYJIsl, HA JIOCTATOYHO GOJILIIOM MPOMEKYTKE BPEMEHHU £ ~ & ' € MOMOLIBIO METO/IA YCPEAHEHHUS!
[2]. HUccnenoBanuio BO3MYILEHHBIX JABHXKEHHWIT TBepHOro Tteia, OMM3KMX K ciydaro Jlarpanika,
nocesieHsl padoTsl [3-10].

[IpuBesieM HeOOXOAMMBIE Ul MPOLEAYPbl YCPEIHEHHsS COOTHOIIEHMS ISl HEBO3MYILEHHOIO
npwxkenus. [lepeiMu unTerpanamu ypasuenui st cuctemsl (1.1) npu & =0 anstores [11, 12]:

Dizuxo-mamemamuyni nayku



13

G, = Asin@(psing+gcosp)+Creosf =c,,

H:%[A(p?+q3)+Cr3J+mg£cost9:cg, r=c,. (1.2)

3nece G. — MpoEKIMs BEKTOpa KWHETHYECKOr0 MOMEHTa Ha BepTukanb Oz, H — nmojaHas sHeprus
Tela, r — NPOEKIIMs BEKTOPA YII0BOW CKOPOCTH Ha OCh JIMHAMUYECKOH CUMMETPHH, ¢, (i=1,2,3) —

MPOU3BOJILHBIC MOCTOSIHHBIE (¢, = —mgl) .

CooTHoIlIEHUS MEKAY KOPHAMHA KyGHqCCKOI'O MHOIo4JcHa
O(u) =4[ (2H ~Cr* —24m)(1-u*) A~(G, ~Cru)’ |

1 NepBbIMU MHTErpajamu (1.2) 3anucbiBaloTes ciaeyonmm oopasom:
B cr i C*r?
mgl 2mgl 2Amgl’
G.Cr i
Amgl ~ (1.3)
H Cr G?
mel 2mgl | 2dAmgl”
—1<u, Su, <1<u; <+ow.

U +u, +u, =

i, + Uy + sl =

Uy = —

2 2 2 2
B paGoTe JenaloTcs ClELylOUME MCXOAHBIE NpENonokenus: p°+q° <<r’, Cr’[2>>mql,

KOTOpPbIE 03HAYalT, YTO HAINpPAaBJIEHHE YIJIOBOM CKOPOCTH Teila OIM3KO K OCH JAMHAMHYECKOM
CUMMETPHH; YIJIOBasi CKOPOCTh JIOCTATOYHO BEJMKA, TaK YTO KMHETUYECKAash dHEPrus Teja MHOIO
Oonbllle MOTEHHMAILHOM JHepruu. JIBUiKeHWe TBEpJOro Teixa B ITOM  ciydyae Oyaer
COOTBETCTBOBATH MCEBAOPErYIspHOM nipeueccuu [11].

M3Bectbl [11] nmpubnwkeHHble BbIpakeHMs Aas yriaa Hyraumu @ w kopuei u, (i=1,2,3) B
HEBO3MYILIEHHOM JBMKCHUH:

2 7 )
] 2

l—uy — U,
u=u,— cos"\at+p), u =u,— 5 Wi =5
* 2d (at+). =ty 2d 7 " (1.4)
k* = (u2 —ul)(u3 =l )-] <1, u;=2d, u, <<u,.
< C zrﬂ2
3nech u, =cos6,, 6, — HaYaIbHBIN Yroi OTKIOHeHHs; 2d = o >>1, r, — OoJbluas HaYyallbHas
mgi
CKOpPOCTh BpallleHWs Tella BOKPYr CBoeil ocu; = [mg[(u3 —u, )/(2A)]U', k — monynb
SJUTUITHYECKUX (DYHKIHH.
[TepeMenHbIE @ U W TONYYAIOTCS KBaJpaTypaMu U3 CIEAYIOUIMX ypaBHeHuUi [12]:
. (G.—Cru)u G, —Cru
=}y— z— " y = ::—7. 1.5
v A(1-47) v A(1-u?) (15

@opmyasl (1.2)-(1.5) onuceiBatoT peuieHue cucteMsl (1.1) npu £ =0 B ciyyae nceBaopery/asipHoi
NpeLeccuu.

KopHu KyOMuYecKOro MHOroYJe€Ha i, U, BBIPAKAKOTCS 4Yepe3 MEepBble MHTErpaibl YpaBHEHMIA
JIBUOKEHUs HEBO3MYILIEHHOM cuctemsl U3 (1.3) ¢ yuerom (1.4), rae

Bicnux 3anopizbkozo nawionaisnozo ynieepcumemy Ne 2, 2015
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C% >
x—2—, u =sFNs'—n, u2=si\fsz—n. (1.6)

13 =
2 Amgl
3nech s =(44mgl) " [24H +C(C—A)r; —=Cr; |, n=C"r, (-2A4H + ACr +G?).

B paccmarpuBaemoii 3a1adye mapaMmeTp & XapakTepH3yeT MajlocTh BO3MYylleHHH. Tak kak Moaynb
uMnTHYeCKnX QyHKIMA Ak <1, TO MOXKHO MOJOKHUTH, 4T0 k° ~J5 <1 (J§ xapakrepusyer
annpoKCcHMalMIo Noposkaatolero pemerns). [lpu € <J wim £ ~ § ycpesHeHHe ONPaBIaHo.

2. MPOUEAYPA YCPEJHEHUS

B pabGote npuMeHsieTcss MeTOAMKa ycpeaHeHus, paspadorannas JI. [{. Axynenko, 1./, Jlemenko,
®.J1. Yepnoyceko [3]. YpaBHEeHUs BO3MYLIECHHOrO JABHIKEHUS TMPHUBOAUM K BHJY, JOMYCKAIOLIEMY
MPUMEHEHUE OJIHOYACTOTHOW TMpoueaypbl Metoaa ycpeaHeHus [2]. Bbiaeaum ObiCTpbie U
Me/UUIEHHbIE TIEPEMEHHBIE, TIPU 3TOM MepBble MHTerpabl (1.2) a1 Bo3myileHHoro asuxkenus (1.1)
SIBJISIFOTCSl ME/IJIEHHBIMU TIEPEMEHHBIMM, A B CI1y4ae MCEBAOPETYISAPHOM MPELECCUH YTOJl TPELIECCUU
W — TaKxke Me/UleHHas rnepemeHHast [12]. BeicTpbiMU nepeMeHHbIMU SIBJISIFOTCS YIUIbl COOCTBEHHOTO

BpALLEHUs @ W yroj HyTauuu 6.
[TepBbie Tpu ypaBHeHus (1.1) npuBeaeM ¢ MomMolibio psijia npeodpa3oBaHuii K BUay [3]:
G, = 6‘[(M| sing + M, cos@)sin 0 + M, cosé’],
H=¢(Mp+Mq+M,r), 2.1)
F=eC"'M,, M,=M,(p,q,r,v,6,p), i=12,3.

3nech U B TpEX mocneAHUX ypaBHeHMsX (1.1) moapasymeBaeTcs, 4TO MEpPEMEHHbIE p, ¢, F TpH
nomoty (1.2) Beipaxensl kak Gynxumu G, H, r, y, 6, ¢ n noacrasnenst B (1.1), (2.1).

[IpaBpie uactu ypaBHenuit (2.1) coaepkar aABe ObICTpbIE NEPEMEHHbIE 6, @, YTO NPEACTABIISAET

TPYAHOCTh JUIsl TIPUMEHEHMs METOJa YCPEJHEHHs, CBA3AHHYIO C BO3MOJKHOCTBIO [OSBIICHUS
HeJUHEHHbIX pe3oHaHcoB. Ilorpebyem, uToObl Mpasble 4acTH ypaBHEHWH (2.1) juid MeJIEHHbIX
MepeMEHHBIX 3aBUCENM JIMIIb OT OHOW OBICTPOi mMepeMeHHOW — yrna Hyrauuu 6 u Obutd Obl
NepUoMYeCKUMU QYHKUMAMHU ¢ niepuoaom 27 . Torzaa ypaBHenue (2.1) MOXKHO ycpeaHuTs 1o 6 u
MOJIYYUTh YPABHEHUE NEPBOTO NMPUOIHIKECHHS.

[IpuBesieM HEKOTOpBIE HOCTATOYHBIE YCIOBUS BO3MOKHOCTH YCpEAHEHHUs ypaBHEHHUH (2.1) TOIbKO
no yriny Hyrauuu €. I[TorpeGyem, 4ToObl MyTeM TOMNIECTBEHHBIX MpeoOpa3oBaHuii KOMOMHAIIUK

M, sinp+ M, cosp, M,p+M,q, M,, Bxoadmue B npaBbie yacTu ypaBHeHUi (2.1), Moriu ObITH

MpeacCTaBICHbl KaK (i)}(HKLlI/IH OT MEUICHHBIX NMEPEMEHHBIX U OT yIjla HyTalluH 9, NEPUHOANYECKHE
nmo 0 c NepHoOa0M 2]7.', H HMCJIIH CICAYHOIIHUE CTPYKTYPHLIC CBOiicTBa BO3MYLIAKOMWIET0O MOMCHTaA
CHJI:

M,sing+M,cosp=M, (G, ,H,r,0),
M, p+M,q=M,(G,,H,r,0), (2.2)
M, =M, (G,,H,r,0).
U3 coornowenwuit (1.2) u (2.2) BUAUM, YTO €CIIM BO3MYLIAKOLUIME MOMEHTBI M, yIOBIETBOPSIIOT
YCIIOBUSIM

M, =pf, M =qf, M,=M;, f=f(G.,H,r0b) (2.3)

HJIK YCIIOBHAM

Dizuxo-mamemamuyni nayku
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M,=Fsinp, M,=Fcosp, M,=M;, (2.4)

rae npousBosbHble GyHkumu f, F, M; 3aBucsrt toibko ot G, H, r, @ u nepuoaudnsl no 6 c
nepuojioM 27 , To Hajaraembie TpeOoBaHus (2.2) BIMOIHSIOTCS.

Takum 00pa3oM, J0CTATOYHBIMH YCIOBHUSMH YCPEAHEHHUS YpPAaBHEHHH MEUICHHBIX MEPEMEHHbIX
(2.1) mo yrany Hyrauuu €O sBastorcs TpedoBanus (2.3) uiau (2.4), HajaraeMble Ha MOMEHTBI
NpUIOKEHHBIX cWi. B jganpHeiliieM mnpeanojaratoTcsi BbINOJIHEHHBIMM  HEOOXOJMMbIE U

JIOCTaTo4YHble ycioBus (2.2) WM, B YaCTHOCTH, AOCTaTO4YHble YcinoBus (2.3) wmm (2.4), 4dto
o0ecrieunBaeT CNpaBeIMBOCT COOTHOILICHUH (2.2).

Cucrema (2.1) Torna moskeT ObITh MpeCcTaBIeHa B popMe:

G.=¢F(G.,H,r,0), F =M, sin0+M, cosb,
H=¢F,(G.,H,r,6), F,=M,+M,r, (2.5)
F=¢F,(G,,H,r,0), F=C"'M,.

3necw K|, F,, F;, — 27 -nepuoanueckue GyHkuun 6.

[Ipouenypa ycpeanenus ypaBHeHuid (2.5) ais MeaneHHbIX nepemeHHblX G., H,r mnepBoro
NpuOIMKEHHsT COCTOUT B creaytoweM [2]. [loacTaBuM B npaBble YyacTH cUCTeMbl (2.5) ObicTpyto
repeMeHHyo 0 u3 neproro BeipakeHus (1.4) 11 HEBO3MYILLIEHHOTO JIBUKEHUS

-
@ = arccos uﬂ—lz—d%cosz(ahtﬁ) : (2.6)

Ycepenssst npaBble YaCTH MOJIYYEHHOMW CUCTEMBI 10 /£, nojaydyum ¢ ydyeroMm (1.3), (1.4) ycpenHénnyto
CHCTEMY MEPBOro MpUOIHIKEHUS:

G-z=8l/,(G:,H,r), H‘:gVE(G:,H,r), r=¢V,(G,,H,r),

2nfa 2?
K(GZ,H,r)=% | F(G.H.r6())r, =123, 27
0

npuyYeM B KauecTBe @ = 9(!) B (2.7) nojcTaBieHo BelpakeHue (2.6).

CorzacHo mpe/ularaeMoil  METOJIMKE, MCCIIEIOBaHME BO3MYILEHHOro JABMKeHus Jlarpanika,
OAM3KOro K IMCEBAOPEryJsspHONM Mpeueccuu, MpoBoAMTCA ciaeayowum obpazom. Ilycts
BO3MYLIAKOLIME MOMEHTbI &M, YAOBIETBOPAIOT ycjaoBHsAM (2.2) wiau B vacTHOCTH, (2.3), (2.4)

I

(Bmecte ¢ (2.5)). Boruncinm dynkunn M;, F, (i =1,2,3) npu nomoun cootHouenuii (2.2), (2.5).

ITocne sroro ycpennum, corsnacHo (2.7), Gynkuuu F,, ucnonb3ys Bbipakenus (1.4), (2.6), u

T

cocTtaBUM ycpeaHEHHyo cucteMy. Cucrema (2.7) 3HaUUTENBHO MPOLIE, YEM MCXOJHAsi CUCTEMaA
(1.1), Tak Kak OHa MMEET TPETUH MOPAJI0K BMECTO LIECTOr0, aBTOHOMHA U HE COAEPKHUT OBICTPBIX
OCLIMJIISALIM .
Borpoc 0 6:m30cT pelienuii cucteMsl (2.5) U ycpeiHeHHON cucTembl (2.7) B ciaydae petieHus ¢
Bua (2.6), MMEIOLIEro MOrpelHOCTh 0(5), rae 0 <1 manblii napamerp, paccmarpuaercs B [13].
H = i

a MHTepBalie BPEMEHM MOpsAAKa & OLeHKa Oiu3ocTu peuieHui cucreM (2.5), (2.7) coctout u3
CYMMBI OLIEHKH aNlpOKCHMAllM¥ MOPOXKAAIOIIEr0 pelieHds ¢ W Majloro mnapamerpa &,
XapaKTepHU3YIOLLEro BETUUUHY BO3MYyLIeHHi [13].
[Tocne uccnenoBanusi U pemienus cucremst (2.7) mis G, H, r MeIeHHBbIE NEPEMEHHbIE U, U,
onpeaenstores no popmynam (1.6).
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3. BIMSTHUE JIMHEWMHOI' O IUCCUITATUBHOIO MOMEHTA

HccneﬂyeM BO3MYIICHHOC JIBHXKCHHE, Onu3koe K ﬂCCBﬂOperJ'ISipHOﬁ Mnpeueccin B clydac
HarpaH}Ka, C Y4E€TOM MOMCHTOB, ,HeII;ICTBy}OlIlHX Ha TBEPAOC TECJIO CO CTOPOHBI BHELLIHEH Cpclbl.

CuuTaem, 4TO BO3MYIIAIOLINE MOMEHTBI M, (.r.‘ = 1,2,3) umeroT Buj [14]:
M =-ap, M,=-aq, M,=-br, a,b>0, (3.1)

rae a, b— HEKOTOPBLIC MMOCTOAHHBLIC KOBCl)d)I/II_lHeHTbl MpoONnoOpUHOHAIBHOCTH, 3aBUCALIHE OT CBOMCTB

cpeasl ¥ dopmbl Tena. MomenTsl (3.1) yHOBIETBOPAIOT AOCTATOYHBIM YycioBuam (2.3), (2.4)
BO3MOKHOCTH YCPEHEHUS TOJIBKO 110 yriy Hyrauuu 6. Cucrema (2.1) uiss MOMEHTOB YKa3aHHOIO
BH/1a 3aIIMCHIBACTCS CIIEYIOIMM 0Opa3om:

G. =—g[a(psingo+qcosqo)sin6‘+brcos€],
H=—¢|a(p*+q*)+br*], (3.2)
F==eCbr.

IIpounTerpupoBaB Tpetbe ypaBHeHHE (3.2), MOIYyYUM (7, — MPOU3BOJILHOE HAYaJIbHOE 3HAYEHHE
OCEBOI CKOPOCTH BpAIlCHUS, T = &f — MEIJICHHOE BPEM):

r=r° exp(—bc_lr). (3.3)

B nepBbiX ABYX ypaBHeHMSIX (3.2) BBINOJIHMM YyCpeaHEHHe coryiacHo (2.7), nojacrasisis BMECTO 7
ero Beipaxkenue (3.3). [Tocne pana nmpeodpa3oBaHuil yCpeaHEHHAs CUCTEMa MEPBOTo MPUOIHKEHHS
HNpUHUMAET BUJL (IUTPUXOM 0003Ha4YEHO JU(pPepeHLIMPOBAHUE T10 T):

b—aCA™

G' =-ad"'G, —Wro exp(—bC"r)[2AH +Cry (C- A)exp(—2bC']r)—C2r03:|, .
H'=—ad'H +["C: +£—b]r; exp(-26C"'7) - @k n
24° 24 24°
Peienue cuctemsl (3.4) 3anuceiBaeTcs CaeyoUMM o0pazom:
Cr} . (bA—aC)Cr, ) i
G.=- 2Am(ig! exp(—bC ]r)+pWexp[—r(aA '+bC '):l
~Eexp(-3bC'z) +nexp(-ad'z), (3.5)
(aC* +adAC-2b47 ) Cr; P o i
= 2A(aC—254) exp(—2bC ‘r)—z—AﬂJr,uexp(—aA '2'),
rae
Cr: bCH2 C’r} (aC—bA)’
u=H,— s = &= >
2 aC-2b4 2Amgl(aC—2bA)(aC—3bA)
n=G.,+ Cry _ (b4-aC)Cr, | Cry [A(GC—3bA)(2bC—ZbA+aC)—2bC(aC—bA)]'

* 2A4mgl T 2bmgl 4bAmgl (aC —2bA)(aC —3bA)
3nech H,, G., — NpOM3BOIbHbIE HAYAIbLHBIE 3HAYEHHUS TIOJIHON SHEPIUM Tela M MPOEKIMH BEKTOpa

KHHETHYECKOI0 MOMCHTA Ha BEPTHKAJIbL Oz.

Dizuxo-mamemamuyni nayku
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OTMeTHM HEKOTOpbIe KayeCTBEHHbIE OCOOCHHOCTH ABHIKEHHSI B JaHHOM ciydae. Mojysib OCeBOi
CKOPOCTH BpalLEHUsI » M TMPOEKLHsS BEKTOpa KHHETHYECKOr0 MOMEHTa Ha Beprukanb Oz
MOHOTOHHO YMEHBILAIOTCS M0 KCIOHEeHTaM coruiacHo (3.3), (3.5). [Tosnas sneprust  MOHOTOHHO

yObIBaeT, aCUMITOTHYECKH MPHOINKAACH K 3HAYECHHIO H:—sz‘(f/ZA. M3 (1.6) ¢ yuetom (3.3),

(3.5) cienyer, 4TO BEJIMYUHBI U, U, MOHOTOHHO YOBIBAIOT U CTPEMSATCS K

e G - C'ry e Er "
Amgl Amgl g Amgl

4. IEUCTBUE MOCTOAHHOI'O MOMEHTA, NPUJIOKEHHOI'O B/10JIb OCH
CUMMETPUH

PaCCMOTpHM ABHKCHHA TBCPAOro Tea, Onu3kue K l'ICCBﬂ.OpGFyJ'IFIpHOFI Mpeueccuu B cCiydac
HanaH}Ka, noj AeHcTBHEM MOMCECHTA, IMOCTOAHHOI'O B CBA3AHHBIX OCAX W IMPUIIOKEHHOI'O B/10JIb OCH

cummerpun. Bosmymaroume momentst M, (i = 1,2,3) B 9TOM CJIy4ae UMEIOT BH/L:
M,=M,=0, M,=M, =const (4.1)

W YIOBJETBOPSAIOT JAOCTATOYHBIM YCIOBUsAM (2.3), (2.4) BO3MOKHOCTH YCPEIAHEHHUS [0 Yriy
Hyrauuud. Cucrema (2.1) ans momeHTOB (4.1) 3anucbiBaeTCs CaeyommM o0pa3om:

G.=eMjcosO, H=eMr, i=eC'M,. (4.2)
ITpounTerpupoBas Tperbe ypaBHeHue (4.2), noiyyuM (7, — MPOU3BOJIBHOE HAYaJbHOE 3HAYEHUE
OCEBOM CKOPOCTH BpalllCHUS ):
—1 0
r=eC Mt +r,. 4.3)
C yyerom (4.3) ypaBHeHHUs 1151 NOJHOM dHepruu (4.2), coxpaHsisi YieHbl Nopsijika & , UHTErPUPYETCs
U J1aeT:
0
H=eryM;t+H,. (4.4)

Ycpeanss npaBylo 4acTh nepBoro ypaBHeHust (4.2) corzmacHo (2.7), moiay4um B pe3ysbTaTe
MUHTErPUPOBAHHUS:

0 2
G =My g (4.5)
T 2mgl 2 i

Cornacho (4.3), BesivuMHa |r(r)| BO3PACTAET, €CJIU N1apaMeTphI 7;, M;’ HMEIOT OJIMHAKOBBIN 3HAK, U
yObIBaeT, eciu 3Haku pazauunbl. U3 (4.4) cinemyer, 4yTo BelMYMHa ‘H (t)| BO3pPAacTaeT, €Clii y

napametpoB H,, My omuHakoBble 3HaKku, ¥ yObiBaeT eciam pasubie. CormacHo (4.5) BennumHa

0 2 )
|Gz ()| Bospacraer, ecin napaverphi G.,, M, (HO -Cry /2) MMEIOT OJIMHAKOBBIH 3HaK, U yOBIBACT,

z0?

€CJIM 3HAKH pa3IMYHBbI.
BbIBO/IbI

1. HccnenoBaHbl BO3MYILEHHBIE JIBMJKEHUsI TBEPJOro Tesa, ONM3KUE K TICEBAOPErysipHON
npeueccuu B ciydae Jlarpanxka. [lpuBenensl ycinoBus BO3MOKHOCTH YCPEAHEHUS YPaBHEHUI
MEJIEHHBIX NEPEMEHHBIX 10 yrily HyTauuu. B otianuue ot [3,8], B kauecTBe MOPOKAALOLIETO
pewenuss Oepercs He oOuee pewenue B ciaydae Jlarpawka, Bblpaxkaiouieecs B
ITUATHYECKUX (PYHKLMSX, a MPUOIMIKEHHOE, TTPEICTABISIEMOE B DJIEMEHTAPHbBIX QYHKUHAX.
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10.

11.
12:

CornacHo HCMoNb3yeMOi METOJIMKe, MMOJTYyYeHHAas YCpeJIHeHHas CUCTeMa YpaBHEHHUH MepBOro
NpUOIMKEHHS 3HAYUTEIBHO MPOILLEe HCXOAHOM, TaK KaK aBTOHOMHA U HE COACPIKUT OBICTPBIX
OCLIMJLISILIM M.

B kauecTBe nmpuMepoB pacCMOTPEHbl MEXaHMYECKHE MOJEIM BO3MYILEHHMH, OTBevalolue
JABMIKEHHIO TeJa B Cpeje C JIMHEHHOH JuccHnanuei, a TakkKe 1noj ACHCTBUEM MOCTOSIHHOTO
MOMEHTa, T[PHJIOKEHHOIO BJIOJb OCH CHMMETPUH. YCpEIHEHHas CHCTEMa YpaBHEHUN
MHTETPUPYETCS. M I103BOJIAET ONPECIUTh IOJHYI0 DHEPruio Teja, MPOEeKLHUI0 BEKTOpa
KMHETUYECKOr0O MOMEHTA Ha BEPTHKA/b M YIJIOBYIO0 CKOPOCTh BPALIEHHs Te€JIa OTHOCUTEIBLHO
OCH CHUMMETPUM B aHaJMTHYecKOM BuJe. IlonydeHHble peleHUs UMEIOT CaMOCTOSTENIbHOE
3HA4YEHHE JUI PUIOKEHUH.
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