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‘The method of discrete Riemann’s problem was originally proposed
[1] for solving finite mixed steady problems. By gradual nodification and
amplifications, it has become of wide applications to solutions of problems
in several branches of mathematical physics |2).



(n this work, the propagation of harmonic heat waves in a periodical
system of punches on a half plane is considered. The thermoelastic punch
problems occurring in engineering mathematics, and a priori the corresponding
problem of heat conductivity, have become of major interest in recent
Investigations.

The point of departure is the following heat equation

B o'T 1 or

6x2+6y2“ariat (y>0) (1)
with mixed boundary conditions
I'(x,0,t)=e"f(x).if xeA, (2)
oT'(x,0,1)

5 =0, if xeA, (3)
yl}ﬂlm | T(x, y,t) <+o0, (4)

where A, =[-a,a], A, =[-x, 7]\ A,, a, isthe thermal diffusivity.
The mixed conditions (2) and (3) are periodically continued over the whole

X -axis with a period 27 as areflection to the periodicity of the punches
throughout the half-plane.

The mixed boundary conditions (2), (3) can be replaced by the two
uniform and compatible ones:

, oT" (x,0)
T" (x,0)= f.(x)+¢,(x), oy @_(x) (5)
where
o = 0, XEA,
AR S —— . el
undetermined, xeA,,
p_(x) = (6)
0, xXeA,,
f(x), xed,,
X —.
/- (%) { 0, xeA,
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T(x,y,t)=e""T (x,y)

Applying finite Fourier transform with respect to X to the boundary

conditions (5) and the equation (1) we arrive at the following discrete Riemann’s
problem

O, =-"®,_~F (n=0x1%2,..) (7)
where
L . | . i@
Q,.=— |pe™dx F_=— |fe™dx A =n’
Y o __£¢i - _;[f" ’ ar

Multiplying (7) by n, we rewrite it in such a form

|
nd)""‘ iz _Sgn(n : E)(D"" e rn(bn— e n(bﬂ— ,(n= il,ﬁ,) (8)

where r" = ggn(n - _%] ' n;l;l and also I Fﬂ |= 0(-—1?] (n — OO)
n
Additionally, the condition
- Y 4P, = £(0) ©)

H=—00

determines the solution of problem (8) equivalent to that of (7).
Performing the inverse Fourier transform

W"(I)M - Z(Dniem =(Di(x) (10)

n:—-{n

we reduce the discrete problem (8) to the singular integral equation

1%p.(8)ds 1
7 I1-e'P " 2g

[y(x=&)p_(&)dE +if (x) (1)

The equation (11) we solve approximately. To do this we use Cherskii
theorem [3].

THEOREM. Let the following conditions be fulfilled:
V. The approximate equation K@ = f has the unique solution.
2. f— [ €Y, ,where Y, isalinear subset, ¥, C Y .
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3. Operator g _ K is acting from X into 9
4. On Y, the inverse operator K-\ is determined acting from Y, into

X
5. "E"'(K—I?)"d

Then the equation K@ = f has a unique solution equals to

=g +|[1+ Kk -R['R(f -Kp)

and the following estimate holds:

-

b ~_l

“(0 i 5“,1'0 =

Inverting the Cauchy type integral on the left of the equation (11) we
have [4]

1 GR(E)e"
Rp. =9 (x)-- RG) 3 J e(é:)iedé‘ [r&-e.()dy=gx12)
where
1 J (é)R(éf)e"”
8) = o im®+ac], m(x)-—— I — o —ds

R(x) = —e*'* \/ 2(cosx—cosa)

Let now f'elL [-a,a]; r>4/3, then g(x)€ L, [-a,a],;
l<p<4/3

Therefore weput X = X, =Y =Y, =L [-a,d]

The norm of the element ¢_(x) in the space L , is defined by the way

4 \l/p
=[ flo.()1 ax (13)

/

o1,

The operator g~ we determine by the equality

Kp_=¢. (x)— 2”%{ ) J'R(é:)e d& _[Zl“ e"Vg_(y)dy (14)

—gh=-
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LEMMA. For any given g>()we have ”K"*KN <& under

appropriate choice of N . Estimating the norm "K - K " we obtain

(1+|cosa)z"'"T""" (2 - p) ST, =O(V) a3
=

22:’[)1—12/‘0(}__2) k>N
2 2

K-]:

1 +00
By virtue of | I, |= O(?) as k — oo the series Z| I, | converges

K =00

and so that “K - || < & under appropriate choice of /N . The lemma has

been proved.
To find the exact solution of the approximate equation

Kp_=g(x) (16)
we write it in the form
<) AR TR il

X)= VO, a,(x)+ o(x 17
@ (x) R(x)hZ_Nk - (X) + g(x) (17)
where

| k+1 | |
—-e™ Z u (cosa)e™ "™ k=0,

a,(x)= e’ (13)

™ Z 4, (cosa)e™, k <0,
m=0

o~

N P~
O, =M, + Zrkq)k—Nkn +a,R, (n=08142.....£N) (19)

k=—N
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F‘

I k-i-l

L 1, q(cosa)P, . (cosa), k=0,
24
Niw =1 1251 (20)
Z,uk w1 (COSDP,,,,(cosa), k<O,

1
R = 5 F,(cosa), u (cosa)= P,(cosa)—2cosaP, (cosa)+

+ P ,(cosa), P, (cosa) —Legendre polynomials.
Solving the system (19) we get

If A =0 itis possible to prove that the inverse operator x -1 is
bounded and

[ - K] & <

When calculating the coefficients (D _ by the formula (21), the constant
a" I8 defined from the expression (9)

f(O)+— ZI‘ ZM A

Gy = — e (22)

— Z A ZR A

n*--N Jj==N

where

M =_L m(x)e

" 27 R(x)

Therefore we have the following theorem

THEOREM. Let in the equation (11) f'(x)e L [-a,a].
r > 4 /3 and the condition (9) is fulfilled. Then this equation according to
the Cherskii theorem has the unique solution in the class L -

dx
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The function 65_ (x) defined by the formula (17) is the approximate
solution of the equation (11) and the following estimate holds

_ _OW)e-Kg |,
lo - L, = I~ N),, - (23)
where
O(N) = poie oL [Z\F | ZIA‘")IfIﬂn(COSG)I
27TA » joN

n=—N

-n-1
+ Z |1 | Z IA("’IZIﬂm(COSG)I]

“  dx
= _£| R(x) |

Finally the approximate solution of the problem (1)-(4) can be written in
the form

~~ . M* . N P »
' (x,y.0)=¢""T (x,y)=—&"® Z l;ld)”_em"’l"y (24)
-N

_ o
Let @ = 0,1 and N=20,where50=a).,a) ---c2 Gy

Below in the tables 1 and 2 the values of ¢ (X) and its modulus

=_C
calculated by the formula (17) are given, when X € [—1,1], where * = » — %
T
Table 1
B 0 0,1 03
5 (%) -0,3948+ -0,3964+ -0,4099+
O 021771 0,2188i 0.2282i
X 0,4 0.5, 0,7
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-0,4234+ -0,4435+ -0,4743+ -0,5237+
023961 |  0,2510i 0,2713i 0,3028i
0,8 0,9 0,95 0,99
-0,6148+ 08279+ | : -1,1435+ | -2,5073+
0,3597i 0,4928i 0,6857i 1,5127i
_Table 2
TEART 0,2 I 0,3 04 | 05
| 04508 | 04528 | 0,4586 | 04691 | 04853 | 0,5096
0,6 0,7 08 | 09 | 095 0,99
0,5464 | 0,6049 | 07107 | 0,9634 | 13332 | 2,928

Estimating the norm of the difference of the operators ”K - K " and the

: . -1
norm of the inverse approximate operator K " when p = 5/4 we have

“K EX ” <0,0183 and "E _l" < 0,5309 and consequently the error of the

approximate solution @_(x) is defined by the inequality

<0,0116
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