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Assume that the thin circular plate has an inner radius, other radius and
thickness R;, R, and 2o respectively. The temperature of the fluid sur-
rounding the surfaces z=+¢ is an arbitrary function depending on the
time, that is Ty(t). The temperatures of the fluid surrounding the circular
concentric surfaces r = R; and r =R, are T;(t) and T,(t).

In view of the statement of the problem we take the equation of heat
flow in the form [1]

oT  8°T 16T
—_—_—— ——— -
oFy or? ror

where Fy :ZL; B; :a—f; ap is the coefficient of thermal diffusion, «

Bi(T-Ty) @=R <r<Ry=1), (1)

is the of heat transfer, A is the coefficient of thermal conductivity; B; is the
Biot’s criterion.
The boundary and initial conditions will be

aT .
E—Bil(T ~T,)=0 if r=1,

o1 @)
. B, (T-T,)=0 if r=l,
T=0if FRy=0 3)
Now we try to seek the solution of the problem (1)-(3) in the form
T(r, Ry)=w(r, Fy)+O(r, Fy), where

y(r, Fo)=(To(Fo)-Tu(Ro)) (Alnr+B)+T,(R)

-1
B.
A=B, B, B:Bi2{++8i18i2 InI+Bi2] .
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The function O(r, F,) satisfies the partial differential equation

2
6—®=a—®+15—®+5i®—f(r, Fo) (4)
oFy ar? reor
with the boundary and initial conditions
P g

~>-B0=0 if r=1
6 ©)
D 1 B,0=0 if r=l,

or 2

o(r, Fo)=—w(r, Ry) if Fy=0, (6)

where
oplr, F
f(r, Fo)= Bl lr, Fo)-To(F )+ AT Fo) 0
0
The solution of problem (4)-(6) can be obtained by means of the finite
integral transformation [2] with the kernel rw,(r), where W, (r) satisfies

the equation

” 1 !
Wn(r)+FWn(r)+7r? n(r)zo (8)
with the boundary conditions
W)~ B W) =0, Wy(1)+ B, Wy(1)=0. ©
Thus the passage to the transformation is carried out by the formula
_ [
On(Fo)=[O(r, Fo W, (r)rdr (10)
1
The general solution of equation (8) is
Wn(r)zAﬂJO(?/nr)+ BnYO(Vnr)v (11)

where Jo(y,r) and Y,(y,r) are Bessel functions.
Substituting (11) into (5) we get the system of linear algebraic equations
for A, and B,. This system has nontrivial solution if the determinant

A(yn) of this homogeneous system equals zero, that is
A(J/n): (Vn‘]l(yn)"' Bil‘]o(7n )xanl(VnI )_ BizYO(VnI))_
- (7nJ1(7n|)_ Bi, JO(?’nI)XVnYl(Vn)_ BilYO(Vn )): 0
The solution of this transcendental equation (to get the eigenvalues y,),
may be obtained for specific values of B; and | numerically. Here we try to
find analytically an asymptotic representation for W, (r) for large values of

Vn-

(12)
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To do this we make the substitution
VW, (1)=Vy () x=1=7 7 (19)
Thus the boundary value problem (8)-(9) is reduced to the following
problem

V() + (2 + QU (x) =0, (16)
and

hV;(0)+hyV,(0)=0,

V3 () KV ()= 0, (7
where Q(x)z%, hy =k, =&,

)

1 1 -1
hy Z—[EJFB&]’ ka =—(§—Bi2j, A =—"n-

Using the method explain in [3] we get the solution of Sturm-Liouvill
problem (16)-(17) in the form

V,,(X) = sin & c0s 4, X + A cos arsin 4, x +

+ i Ak T Acn(x, y)(sin @ COS Ay + At cos asin A, y)dy 18)
k=1 0
where A ,(x, y) are successive iterates of the nucleus
Akn(xl y)=sinﬂ,n(x— Y)Qy; (19)
a and g are angles defined by the equations
tana =—h/hy, tan S =k /ky. (20)
The formula (18) immediately shows that
Vn(x)zsinacos/lnx+0(/1;1) (21)

which is the zero approximation of V,(x).
Now we can obtained an improved asymptotic representation of (21)
with residual term O(/lgz) instead of o(z;l). [4]

V() =sina cos A, x + A5 (cos a + P(x)sin a)sin A, x + O(ﬂ;z), (22)

where P(x)= %jQ(y)dy .
0

Making use of the boundary condition at x =z we have the asymptotic
expression for the eigenvalues in the form
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1k M -2
Ay =N+—|-2-—L4P(z)|+0(n 23
: m[kl 5 (fr)J () SO

Returning back to equation (4), multiplying it by rWn(r), integrating
with respectto r from 1 to |, and using boundary conditions (5), (9) yields

% + (75 -B bn(Fo)JrTn(FO)’ (@)
0

where ?n(FO):I{ f(r, Fo W, (r)rdr.

The initial condition for ©n(F,) becomes

©n(0)=-y,(0) with v7n(Fo)={ w(r, FoWa(rrdr. (25)

The solution of equation (24) which satisfies initial condition (25) is

2 Fo _ 2
(T)n(FO)zén(o)e*(Vn*Bi)Fo ~ fn(FO)e(“’Bikt’FO)dt, (26)
0

where ©n(0)=-y,(0)=

=—A<T2<o>—n<o>{i(u le)lm+iao<ynu>—yiao<yn>]+

n n n

7n n 7n

" i(l Yy ()N + Yo (7o) =Y (7, )]J -

(27)

—<B<T2<o>—n<o>>—n<o>{jn—n(l 3ral)= )+
R vlmw—vl(yn»}

7n
7’nY1(7/n)+ Bi1Y0(7n)

where =— .
& 7n‘]1(7/n)+Bi1J0(7n)
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The inverse transformation (10) by virtue of the orthogonality of the ei-
genfunctions W, (r) with weight function r can be written in such a way

o1, Fo)= $6n(Fy) ") @9
n=1 Nn
where N, is the norm of the function W, (r) defined by the formula
[
NG = [WZ(r)rdr . (29)
1

Employing the values of the integrals [5]

N

[ 93(rarrer = (98 Grr )+ 32 )

2

Y (rarrdr = b G Y2 )

[ 30(rar Nolrarrar == (o(rar Wolrar )+ 3a(rar Marar )

we get

Consequently the thermal field is determined by the formula

T(e, Fo)= (1R ) TuFo AN +8)+TyFo)+ Son(Fy ") (o

n
Conclusion
The research results show that the exact solution of the given problem is
obtained in the form of the series. Choosing the solution in the special form

it was possible to improve the convergence of the series on the boundary of
the plate. The received asymptotic representations of the eigenvalues and
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eigenfunctions allow to find the approximate numerical solution of the prob-
lem up to any prescribed accuracy.

Summary

This paper contains an exact solution for the transient temperature
distribution in the thin circular plate surrounded by a fluid having the
temperature To(t) depending on time. The temperature of the plate un-

dergoes a sudden uniform change and is steadily maintained thereafter
in accordance to Newton’s law of the convective heat transfer on the
boundary. Using the finite integral transform with respect to the coor-
dinate r the exact solution of the problem was obtained in the form of
the infinite series.
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