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In the half-space there is considered the equation of heat conduction
with the mixed boundary conditions traveling with constant velocity «

along the x -axis and £ along the y -axis.

On applying the Fourier transform the problem is reduced to the
Riemann boundary value problem. The investigation of this problem is
carried out and the solution of the posed problem is obtained in a closed

form.

We will consider the equation of heat conduction [1]

(1)
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in the half-space —o0 <x<+w, -0 <y<+w, z>0 for —0 </ <00;

where T(x, ¥, z,t) is the temperature and a is the coefficient of thermal con-

ductivity.
Let us specified at z =0 the mixed boundary conditions traveling with

constant velocity « along the x -axis and S along the y -axis
T(x—at,y—ﬁt, O)=g+(x-a't,y——ﬂt), x—-at>V; (2)

oT(x—at, y— Bt, 0)
0z

We seek the solution T(x, y,z,t) of the problem (1) — (3) bounded as

Z—> 0,
On introducing new variables by formulas S=x-at, =y~ we

obtain

=h (x—at, y-Bt) x—at<0. (3)
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On applying the Fourier transform [2] to the equation (4) with respect to
variables & and 77 we have

-
L3 (x2+y2+ax+ﬂyi)?=0, z>0 (5)

oz° a’

where
] =

T 10, 2) g an = v,

;(x'}ya z)—_- —271'— I

By symbol V' we denote the operator Fourier transform.
Assuming x and y to be parameters we find the solution of the equa-

tion (5)

?(x, y,z)= A(x, y)e'""“z + B(x, y)ek'z, Eg, (6)
where
1
+ 2
k:[xz+y2 e zﬁyi)
a
Suppose that
1
+ 2
Re=(x2+y2+w2’8yi] >0. (7)
a

Taking into account the boundness of the function _f(x, y,z) as z —> o
and the inequality (7) we arrive at the identity B(x, y)= 0.
The solution of the equation (5) takes the form
F(x, ¥y, z)= A(x, y)e_kz, z>0 (8)

Let us complete the boundary conditions (2), (3) by introducing un-
known functions f (5,77), i (5, 7)) such that

r. (§,n)=0 for £<0; g (9",7;):0 for £>0;
T(En0)=g En)+f (En) (w<é<o), (9
ar(£,10)

>=—=h En)+ s En)  Fw<f<iw).  (10)
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On employing the Fourier transform to the boundary conditions (9) —
(10) we have

?(x,y,0)=G+(x,y)+ F (x,y) (—w<x<+oo) (11)

af(x, Y, 0)
0z

By means of (8) we get

=Hh(x,y)+F+(x,y) (—00<x<+00) (12)

?(x, y, O)= A(x, y),

aT(x& y: O) . "*'k A(x,y)
Oz
On using these relations we find from (11) and (12)
. P
F (x,y)z—- (x,y) : —N(x,y) (13)
[xz s m;ﬂyi)2

On assuming y to be a parameter we have the following boundary value

problem: to find two functions F b (x, y), F (x, y) analytically continuable

into the upper and lower semi-planes respectively if on the real axis they
satisfy the linear relation (13).
Let us carry out the factorization of the coefficient of the problem (13)

1
.. 1 1
(oo b

a

1
B —iai[~a2 —ﬁ’,az(f.rz_y2 +i[)j/)]?

2a2

where xlj 2

Let us consider the discriminant
D=-a” —4::'.1'4.}/2 -—-4ia2ﬂy =c+id

1
and (c+id)2 =u+iv, where

u’ =%(c+\/c2+d2), v2=-;—(——c+\/cz+d2).
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We can not take the values of # and v arbitrary because the sign of the
product » v must coinside with the sign of 4. This gives two possible

combinations of values of # and v, that is, two numbers of the type u + iv
that are the values of the square root of ¢+ id .

We have d = d(y) Hence the sign of the product depends on the sign of
Y.

The case y>0. Here d <0, and the following two combinations of
values of # and v are possible

a0, »=<0,
, —la+u+iv -
Il = > =8 —IV ,
2a
U a—V :
where u'=—-—5-, ¥ = 5 > (), since |a|<|v :
2a 2a
—IX —U— 1V _
Xy = : =—u'+i",
2a
a+v )
where v" = — 5 > () since |a'| <|v|.
2d

]
7 ;. O.'I"!'@/ : :’2 ! 1
- [ e B ) - ofJils -5

where
x-x{=x—-u’+iv’, Im(x—x{)>();
x—xy=x+u -, Im(x—xé)«:o.

On taking advantage of the symbols Jz +, Jz  we obtain the required fac-
torization

1
2 2 ax-l—lgy- 2 y g
(x +y° + 3 l) =Jx—x] \/x--xz (14)
2yu<0, vixl,
In this case
—Il+u+iv _
X] = amee &
2a
—ix—U+1V
Xy = x =u'+iv',
2a
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where Im(x - x{')< 0, Im(x —x'2')> 0.

Therefore the factorization is
l

( 2+y +ax+ﬂyJ =——\/x—-x{'“,/x-—-x5+ (15)

a
The case y<0.
Here d >0 and the following two combinations of values of # and v are
possible
1) <), v<§).
x;:—u'-——iv', x5=u'+h’";
1
+ k
[x2+y e ﬁy ] =-Jx—x{+Jx—x5 (16)
a’
2 u>0, v>0.
x1=u+iv", xy=—u' —iv';
|
+ =
(x2+y e ﬁy] =—yJx—x] Jx_xg+ (17)
a’

The factorization has been carried out. Now we shall proceed to the solution
of the problem (13)

F—(x,y),/x—xé-=F (x’y)—N(x,y)\/x—x{+ or W (18)

\/x'_'xi'+

On solving the jump problem [3]

F(x,y)\/x-xi_—[N(x,y)Jx—x{+Jx_x5'] o
ol (x Jf) [N(x y)\/x X \/x X5 ] =Qn(an’)a

where Q,,(x, y)= ank (y)xk s

and by symbols [M (J«:)]+ , [M (x)]‘ we denote
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M -r{E V-IM(x)},

¥
MG =22y )

we obtain the solution of the boundary value problem (13)

e jxa_{[N(xay)Jx-xf+Jx—xé]+Qn(x,y)},

F'(x,y)= Jx < {[N(x yNx—x Jx—x5 ] +Q,,(x,y)}.

In accordance with (11)

Alx,y)=G (x )+ F (x.)

and on applying the inverse Fourier transform [4] we find the solution of the

posed problem in a closed form
l +-00 +a0

T(c, r],z)—-——- [ [G+(x, y+F (x, y)]e'f(x&y”)_kzdxdy (20)

-—-CIJII)

(19)

For the factorizations (15) — (17) the solution can be obtained in the similar
way.
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