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INHOMOGENITY
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Abstract: The aim of the study is the further development of analytical methods for calculating
the bending of beams resting on a non-homogeneous continuous Winkler elastic foundation. This
paper considers the case when the beam is under the influence of a uniformly distributed constant
transverse load, and the inhomogeneity of the elastic foundation is given by a power function with an
arbitrary non-negative power exponent m>0. Fundamental functions and a partial solution of the
corresponding differential equation of beam bending are found in an explicit closed form. These
functions are dimensionless and are represented by absolutely and uniformly convergent power series.
In turn, the formulas for the parameters of the stress-strain state of the beam — deflection, angle of
rotation, bending moment and transverse force — are expressed through the indicated functions. The
unknown constants of integration in these formulas are expressed in terms of the initial parameters,
which are after the implementation of the specified boundary conditions. Thus, the calculation of the
beam for bending is reduced to the procedure of numerical implementation of explicit analytical
formulas for the parameters of the stress-strain state.

An example demonstrates the practical application of the obtained solutions. A prismatic
concrete beam based on a cubic variable elastic foundation is considered. This case corresponds to the
power value m=3. The results of the calculation by the author's method are presented in numerical
and graphical formats for the case when the left end of the beam is hinged and the right end is
clamped. The numerical values obtained by the author's method are accurate, since the applied
calculation method is based on the exact solution of the corresponding differential equation. The
availability of such solutions makes it possible to evaluate the accuracy of solutions obtained using
various approximate methods by comparison. For the purpose of such a comparison, the paper
presents the calculation results obtained by the finite element method (FEM). The absolute error of the
FEM method when calculating this design was determined.

Keywords: beam, inhomogeneous elastic foundation, power-law inhomogeneity, exact solution,
analytical calculation.

AHAJIITUYHMI PO3PAXYHOK BAJIKH, IIIO OMTUPAETHCS
HA MPYKHY OCHOBY BIHKJIEPA 31 CTENNEHEBOIO
HEOJHOPLIHICTIO

KpvrTiii H0. C.1, Cyp’aninos M. I'.!, Ilepuepi A. O.!, Bakvienko B. B.1,
Teopmo H. Al
10dacvra depacaska axademia EVOisHuYMEa Ma apXimexmypu

Anoraunin: Liyuo gocnmimKeHHs € MOJaNbIINI PO3BUTOK aHANITHYHMX METOJIIB pO3paxyHKy Ha
3rUH OaJIOK, M0 ONMUPAIOThCS HAa HEOJHOPIHY CYIUILHY TPYXKHY OCHOBY BiHkinepa. ¥ maHiit poboti
PO3TIIAAETHCS BUMIAJIOK, KOJM Oaiika 3HAXOAUTHCS MiJl BIUIMBOM PIBHOMIpHO PO3IMOJIJIEHOrO CTajIoro
MONEPEYHOT0 HABAHTAXKEHHS, @ HEOTHOPIIHICTH MPYKHOT OCHOBU 3a1a€ThCS CTETICHEBOIO (DYHKIIIEIO 3
JIOBIJTBHAM HEBI €MHAM TIOKa3HMKOM ctereHs M>=0. B sBHIN 3amMkHyTiH (opMmi 3HalineHi
(dbyHIaMeHTabHI (PYHKINT Ta YACTHHHUHA PO3B’ 30K BIAMOBIIHOIO JU(EPEHIIIALHOTO PiBHSIHHS 3THHY
Oanku. [lani ¢yHKii € 0e3pO3MIpHUMH Ta MPEICTABIISIOTHCS a0COMIOTHO i PIBHOMIPHO 301KHUMHU
CTEIEeHEBUMH psiZlaMu. B cBOrO uepry, yepe3 BkasaHi (PyHKIT BUPaKAOThCS POPMYIH JJIs TTApaMeTpiB
HaMpyXeHO-eOPMOBAHOTO CTaHy Oallki — MPOTHHY, KyTa MOBOPOTY, 3THHAJLHOTO MOMEHTY Ta
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nonepe4ynoi cuim. HeBijoMi KOHCTaHTH iHTErpyBaHHS B IMX (OpMYyNax BHpPakeHI uepe3 MOYaTKoBi
napameTpH, sIKi 3HAXOIAThCS TICIS peanizalii 3aJ[aHiuX TPAaHUYHUX YMOB. THM caMHM, pO3paxyHOK
0anKy Ha 3rWH 3BOJMTHCS N0 TMPOLEAYPH YHMCENBHOI peamisalii SBHHX aHATITHYHUX (Gopmyn it
napameTpiB HapyKeHo-1e(hOPMOBAHOTO CTaHY.

Ha npukiiazi mpoieMOHCTPOBAaHO MPAKTUYHE 3aCTOCYBAHHS OTPUMAHHUX PO3B’s3KiB. Po3risiHyTO
MpU3MaTHYHY OETOHHY 0aJIKy, III0 ONMUPAETHCS Ha KyOiYHO-3MiHHY MPY>KHY OCHOBY. TakoMy BHIIAIKY
BIZITTOBIIa€ 3HAYEHHS cTereHo M =3 . Pe3ynbraT po3paxyHKy aBTOPCHKHUM METOIOM TIPEJICTaBIICHI B
YUCENPHOMY Ta rpadivHoMy (GopMaTax Jisl BUMAIKy, KOJIU JIIBUN KiHElb Oallki BUTBHHM, a MPaBHA
3aTucHYTHI. OTprMaHi aBTOPCHKMM METOJ/IOM YHCEJIbHI 3HAYEHHS € TOYHNUMH, OCKUIbKU 3aCTOCOBAHUI
METOJl PO3PAaXyHKY IPYHTYETHCSI HA TOYHOMY PO3B’SI3KY BiIIMOBIIHOTO IH(EPEHIIAILHOTO PIBHIHHS.
HasBHicTh TakuxX pO3B’S3KIB [103BOJISE LUIAXOM IOPIBHSHHS OLIHIOBATH TOYHICTH PO3B’S3KIB,
OTPUMaHMX 3a JIOMOMOIOK PI3HOI'0 POAY HAOIMKEHHX METOJIIB. 3 METOH TaKOro IOPIBHSHHS, B
poOOTi HagaHO pe3yNabTAaTH PO3PaxyHKy, L0 OTpHUMaHi MeTogoM ckiHueHHuX ejemeHTiB (MCE).
Busnaueno abcomrorHy moxuoky Mmerony MCE nipu po3paxyHKy JaHOT KOHCTPYKIIII.

KnarouoBi cioBa: Oanka, HEOMHOpiIHA TPY>KHA OCHOBA, CTENEHEBA HEOTHOPIIHICTh, TOYHHH
PO3B’ 130K, aHATITUIHUIA PO3PAXyHOK.

Yu. Krutii, M. Surianinov, A. Perperi, V. Vakulenko, N. Teorlo
https://doi.org/10.31650/2618-0650-2024-6-2-47-57 48




VI1/2/2024
Crop. 47-57/ Page 47-57

Mexanika Ta MareMaruuHi meromu /
Mechanics and mathematical methods

1 INTRODUCTION

The structure, which is a beam on an elastic foundation, is often used in engineering
practice, including in industrial and civil construction, in the railway industry, hydraulic
engineering, shipbuilding, aerospace engineering and others.

Among the existing models of the elastic foundation, the so-called Winkler model has
become widespread. In this model, the elastic foundation on which the structure rests is
represented as a set of vertical, closely spaced, unrelated springs. Such a situation can
generally be described by a single parameter, which is called the modulus of elasticity of the
foundation or the coefficient of subgrade reaction. In the simplest case, when the elastic
foundation is assumed to be homogeneous, the coefficient of subgrade reaction is constant,
which significantly simplifies the solution of the corresponding differential equation of beam
bending. This can explain the widely used assumption about the foundation homogeneity.
However, it is common knowledge that such an assumption is far from reality and for more
qualitative research it is necessary to take into account the foundation heterogeneity
(variability) [1]. In this case, the coefficient of subgrade reaction will be variable along the
axis of the beam, which significantly complicates the solution of the corresponding
differential equation. Therefore, various approximate methods are often used to solve the
problem in similar situations.

This work is devoted to the analytical calculation of the beam for bending in the case
when the inhomogeneity of the elastic foundation is described by a power-law function.

2 LITERATURE REVIEW AND PROBLEM STATEMENT

Despite the large number of publications devoted to the calculation of beams on an
elastic foundation, only a small number of them are devoted to the case of a variable
coefficient of subgrade reaction. For the first time, such a case was presented in a monograph
[2]. The author of the monograph considered a uniform beam on an elastic foundation with a
linearly variable coefficient of subgrade reaction and obtained the corresponding solution
based on the theory of Taylor series. Article [3] considered the case when the coefficient of
subgrade reaction is a power function of the coordinate. However, the analytical solution is
obtained only for the case when the degree is equal to 1. For other positive values of the
degree, a numerical solution method has been developed. The authors [4] proposed an
analytical method for calculating beams on heterogeneous soils, which is accompanied by a
corresponding numerical scheme. The theory of Green's functions was used as a research
toolkit, which made it possible to reduce the original problem to a system of integral
equations. After discretization, these equations are solved numerically using the Gauss-
Legendre quadrature scheme. The paper [5] considers the case of a linear variable coefficient
of subgrade reaction. The analytical solution of the corresponding differential equation of
beam bending is obtained here in an explicit closed form in terms of generalized
hypergeometric functions. The publication [6] is devoted to thin beams on an inhomogeneous
Winkler foundation. The finite difference method is used here to solve the corresponding
differential equation. Using the method of homotopy analysis, the authors of [7] obtained new
analytical solutions for the static deflection of anisotropic composite beams based on an
elastic foundation of variable stiffness. In particular, the case where the coefficient of
subgrade reaction changes according to a linear law is considered.

A detailed review of works on the bending of beams based on an elastic Winkler
foundation is given in publications [8, 9]. The authors of [8], after the relevant analysis, state
that there are no works in scientific periodicals that relate to analytical solutions of the beam
bending problem, when the coefficient of subgrade reaction is variable, except for cases when
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it is given by a linear function. In the same work, the authors obtained an analytical solution
with a non-linear variable coefficient of subgrade reaction. The specified solution was found
for the special case when the coefficient of subgrade reaction changes according to the
binomial law with the power of -4. The authors of [9], after reviewing the publications, come
to the conclusion that in the case of a variable coefficient of subgrade reaction, researchers
most often use FEM.

In the opinion of the authors of this work, the situation with the state of development of
analytical methods for the calculation of beams based on a non-uniform elastic foundation
may change significantly after the publication of the work in 2021 [10]. This assumption is
based on the fact that the specified work found an exact solution to the differential equation of
beam bending

EFY™' () +k()y(x) =a(x), 1)

when the linear coefficient of subgrade reaction k(x) and the load q(x) are given by

arbitrary continuous functions and the bending stiffness EI is assumed to be constant. In the
same work, an analytical method of numerical implementation of the found exact solution is
proposed. Therefore, the logical continuation can be the following studies on the analytical
calculation of real beam structures, which will use the results of the publication [10]. This
article is an example of such research.

In [10], for functions k(x) and q(x) accepted representations:

k(x) =k,B(x); q(x) =q,C(x), ()

where Kk,, ¢, — the value of the coefficient of subgrade reaction and the load at a certain

characteristic point of the beam, respectively; B(x), C(x) - dimensionless continuous

functions, which respectively express the laws of change of coefficient of subgrade reaction
and load along the beam length. In fact, B(x) function is characterized by the foundation
heterogeneity.

This work is devoted to the problem of analytical calculation of a beam, when the
inhomogeneity of a continuous Winkler elastic foundation is expressed by a power function

B(x):(lljm, m>0. 3)

It is possible to consider the transverse load acting on the beam to be uniformly distributed
with intensity q (Fig. 1).

q

Ty Y Y YR YY YN YYYYYYYNYYYYNYY i

k(7
Fig. 1. Calculation scheme of the beam
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In this case, according to formulas (2): q=0q,; C(x) =1 k, =k(I).

3 THE AIM AND OBJECTIVES OF RESEARCH

The objectives of research:

1. Obtain the calculation formulas for case (3) in an explicit form;

2. Perform an analytical calculation of a real beam structure based on a non-
homogeneous power-variable elastic foundation, using the author's method and FEM;

3. Determine the FEM error when calculating this design.

The aim of research is the further development of analytical methods for calculating
beams based on a non-homogeneous continuous Winkler elastic foundation.

4 RESEARCH RESULTS

4.1. Calculation formulas

In the publication [10], the following general formulas were obtained for the parameters
of the stress-strain state of the beam — deflection y(x), angle of rotation ¢(x), bending

moment M (x) and transverse force Q(X):

y(x) = y(0) X, (x) + @(0)IX,(x) - |\/|(0)—2X (x) - Q(O)EX (X)+ X 5(X); (4)
P(x) = Y(O) X, (%) +p(0) X, (x) - I\/|(0)—>< (x) - Q(O)—ZX (X)+ X 5(X); (%)
'Vl(X)=—Y(0)—2X1(X)—<0(0)—X2(X)+|V|(O)Xg(X)+Q(0)|X4(X)—qo|2X5(X); (6)
QM) =- (0) L% () - <0(0)—X (X)+|V|(0) X3(X) +Q(0) X 4 () = qoIXs (%) , (7)

where X, (X) (n=1,2,3,4)— dimensionless fundamental functions of the homogeneous

equation, i.e. solutions of equation (1) with zero right-hand side, X (x)— dimensionless
function through which the partial solution

. qpl*
X =
(x) £
of inhomogeneous equation (1) is expressed,

%, (0 =1X100; X,(0 = 12X X, (0 =PX/() (1=1,2,3,4,5). ®)

Functions X, (x) (n=12,3,4,5) are represented by uniformly convergent power series
of a dimensionless parameter —K with variable coefficients

X, ()= 8,000 =K, + KB, ,() - K, 5(x) +... (1=1,2,3,4,5), ©)
where

K

K= .
El
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Here, the initial S ,(x) and generating £, (x) (k=123,...) functions are determined by
recurrent relations, which in our case take the form:

1 X n-1 .
Bro(X) = W(T] (n=1,2,3,4,5); (10)
B (X) = %'Iﬁ':[ (Iﬁjm B, (X)dxdxdxdx (n=1,2,3,4,5)(k=123,..). (11)

By successively integrating according to formula (11), it is possible to pass from the
recurrent to the analytical form of the record. As a result, for creative functions

n+km+4k-1
B (X) = L X (n=1,2,3,4,5)(k=12,3,.) (12)
(n _l)' pn,l,m pn,2,2m pn,k,km I

where
Prwkm = (N+Kkm+4Kk —4)(n+km+ 4k —3)(n+km + 4k — 2)(n + km+ 4k —1).

Therefore, according to (9), (10), (12), the functions X, (x) (n=1,2,3,4,5) will be determined
by the following series

X (X) =ﬁ(ﬂl {1+i (=K)" — (Tx)k(mﬂ (n=12345.  (13)

k=1 pn,l,m pn,2,2m"

Thus, thanks to formulas (4)-(8), (13), it is possible to analytically calculate beams based
on a power-variable elastic foundation with any boundary conditions.

4.2 Calculation example

It is possible to consider a prismatic concrete beam on a non-uniform elastic foundation
characterized by a cubic function

o-(3]

It is possible to assume that the left end of the beam is hinged, and the right end is
clamped. This method of fixing the ends of the beam will meet the boundary conditions:

y(0)=0; M(0)=0; y(I)=0; o(I) =0.

So, two initial parameters Yy(0), M(0) are known. The other two initial parameters
¢(0), Q(0) can be found from the system of equations, which will be obtained after the

implementation of the boundary conditions at the end x=1 using formulas (4), (5).
Substituting the found values for the initial parameters into formulas (4) - (7), there is:

y(X) = go_:‘l(ﬂqxz(x) +12X4(X) + Xs(x)); (D(X) = go_:?'(ﬂqxz(x) +12)Z4(X) + >Z5(X)) ;

M (X) = ~Gl? (2, X, (X) + 2, X, () + X5 (X)); Q(X) = =Gol (A, X, (X) + 2, X, (X) + X5 (X)),
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where
_ X4(I))Z5(I)_ )Z4(I)X5(I) . _ Xz(l)is(l)_ X2(|)X5(|)
XX, M= X,MX, M) T XX, () =XM%, (1)
Initial data:
E=15-10"kPa;

Beam length | =5m; Beam base width b =0,4m; Beam height h=0,6m;
k(1) =4-10°kN /m?; q=60kN /m.

The results of the calculation by the author's method (AM) in numerical format are
presented in the Tables 1 and 2, and in the graphic — in Fig. 2. For comparison in the Tables 1
and 2 also provide the results of FEM calculation in the LIRA software complex.

Table 1
Value of kinematic parameters

X y(x), m Relative o(x), rad Relative

— X error, error,

I AM FEM % AM FEM %

0 0 0,000000 0,000000 0,00 0,001430 0,001441 0,79
0,05 0,25 | 0,000355 0,000358 0,90 0,001399 0,001410 0,80
0,1 0,5 0,000695 0,000700 0,76 0,001312 0,001322 0,77
0,15 0,75 | 0,001007 0,001015 0,82 0,001178 0,001188 0,88
0,2 1 0,001280 0,001291 0,84 0,001005 0,001014 0,92
0,25 1,25 | 0,001507 0,001519 0,82 0,000802 0,000810 1,02
0,3 15 0,001679 0,001694 0,87 0,000578 0,000584 1,10
0,35 1,75 | 0,001794 0,001810 0,87 0,000341 0,000346 1,51
0,4 2 0,001850 0,001866 0,89 0,000100 0,000102 2,00
0,45 2,25 | 0,001845 0,001862 0,93 -0,000136 -0,000136 0,18
0,5 2,5 0,001782 0,001799 0,93 -0,000359 -0,000361 0,47
0,55 2,75 | 0,001667 0,001683 0,96 -0,000561 -0,000564 0,59
0,6 3 0,001505 0,001520 1,02 -0,000732 -0,000738 0,84
0,65 | 3,25 | 0,001304 | 0,001318 1,05 -0,000864 -0,000872 0,89
0,7 35 | 0,001076 | 0,001088 1,07 -0,000950 -0,000959 0,98
0,75 3,75 | 0,000834 0,000843 1,07 -0,000980 -0,000989 0,97
0,8 4 0,000592 0,000598 1,01 -0,000945 -0,000955 1,01
0,85 | 4,25 | 0,000367 | 0,000371 1,00 -0,000839 -0,000848 1,08
0,9 45 | 0,000179 | 0,000181 0,98 -0,000652 -0,000659 1,13
0,95 4,75 | 0,000049 0,000050 2,07 -0,000375 -0,000379 1,11

1 5 0,000000 0,000000 0,00 0,000000 0,000000 0,00

Table 2
The value of power parameters

X M (x), kNm Relative Q(x), kN Relative
— X error, error,

| AM FEM % AM FEM %

1 2 3 4 5 6 7 8

0 0 0,000000 0,000000 0,00 111,786398 112,266594 0,43
0,05 | 0,25 26,071600 26,191650 0,46 96,786409 97,266594 0,50
01 0,5 48,393228 48,633312 0,50 81,786748 82,266708 0,59
015 | 0,75 66,965126 67,325073 0,54 66,788992 67,267456 0,72
0,2 1 81,788193 82,267258 0,59 51,796965 52,270081 0,91
025 | 1,25 | 92,864630 | 93,460579 0,64 36,817291 37,276730 1,25
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1 2 3 4 5 6 7 8
0,3 15 100,198646 100,906456 0,71 21,859372 22,290459 1,97
035 | 1,75 103,797088 104,607101 0,78 6,934748 7,215006 4,04
0,4 2 103,669831 104,565750 0,86 -7,944165 -7,645602 3,76
045 | 2,25 99,829783 100,786606 0,96 -22,765843 -22,587624 0,78
0,5 2,5 92,292401 93,274666 1,06 -37,521801 -37,508293 0,04
055 | 2,75 81,074645 82,035446 1,19 -52,208865 -52,406574 0,38
0,6 3 66,193380 67,074409 1,33 -66,831296 -67,283829 0,68
0,65 | 3,25 47,663303 48,396305 1,54 -81,402382 -82,144341 0,91
0,7 3,5 25,494580 26,004408 2,00 -95,945083 -96,995552 1,09
0,75 | 3,75 -0,309507 -0,303227 2,03 -110,491213 -111,847778 1,23
0,8 4 -29,754462 -29,919407 0,55 -125,078596 -126,713303 1,31
0,85 | 425 -62,855458 -63,458076 0,96 -139,745560 -141,604584 1,33
0,9 45 -99,636426 | -100,724014 1,09 -154,522039 -156,531433 1,30
0,95 | 4,75 | -140,126418 | -141,726654 1,14 -169,416510 -171,496658 1,23
1 5 -184,352099 | -186,474655 1,15 -184,397896 -186,490402 1,13
0 1 2 3 H 5 xm -0.0010
0.0005 £.0005
0 T T 1
1 3 4 x.m
0,0010 0,0005
0.0010
0.0015
yomn 0.0015
00020 177 oo | P27EA
Graph of the deflection function Graph of the turning angle function
-200 - 200
-150 -150 -
-100 | -100 -
-50 - -50 A
0 ; : ; ‘ 0 ; ; ‘
1 2 3 4 5 x.m 1 2 3 4 5ox.m
50 50
100 | 100 1
150 M. kNm 150 | Q. kN

Graph of the bending moment function Graph of the transverse force function

Fig. 2. Graphs of beam state parameters

It should be noted that the LIRA software complex does not provide for the ability to
directly specify the law of change of the coefficient of subgrade reaction along the beam
length. For each finite element, the value of the coefficient of subgrade reaction is set as the
arithmetic mean of the values at its ends, which affects the error value.

5 DISCUSSION OF RESEARCH RESULTS

These studies are a logical continuation of the studies initiated in the publication [10],
and are entirely based on the results obtained there. In essence, it is about the application of
the general solutions obtained in [10] for the case when the inhomogeneous elastic foundation
is characterized by a power-law function. Since the proposed calculation method is based on
the exact solution of the corresponding differential equation, it allows obtaining qualitative
information and forming the most reliable picture of the stress-strain state of the beam.
Corresponding numerical results obtained with the help of exact solutions are usually
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interpreted as exact in the scientific literature. Such solutions in closed form are particularly
valuable, because they can serve as criteria by which the accuracy of various kinds of
approximate solutions can be evaluated.

6 CONCLUSIONS

1. An analytical method for calculating the bending of beams based on a continuous
elastic foundation with power-law heterogeneity with any power-law index is proposed
m=>0.

2. The obtained numerical results of the calculation should be interpreted as accurate.

3. The error of FEM calculations in the LIRA software complex for the considered
structure is determined.
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